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1 Introduction
As is known, the Bernoulli polynomials of order r are defined by the generating function
to be

(
t

et – 

)r

ext =
∞∑

n=

B(r)
n (x)

tn

n!
(see [–]). ()

When x = , B(r)
n = B(r)

n () are called the Bernoulli numbers of order r.
For a, a, . . . , ar �=  ∈Cp, the Barnes-Bernoulli polynomials are defined by the generat-

ing function to be

r∏
i=

(
t

eait – 

)
ext =

∞∑
n=

Bn(x|a, a, . . . , ar)
tn

n!
.

When x = , Bn(|a, a, . . . , ar) = Bn(a, a, . . . , ar) are called Barnes Bernoulli numbers
(see [–]).

Let p be a fixed odd prime number. Throughout this paper,Zp,Qp andCp will denote the
ring of p-adic integers, the field of p-adic numbers and the completion of algebraic closure
of Qp, respectively. The p-adic norm is defined as |p|p = /p. Let UD(Zp) be the space of
uniformly differentiable function on Zp. For f ∈ UD(Zp), the bosonic p-adic integral on
Zp is defined by

I(f ) =
∫
Zp

f (x) dμ(x) = lim
N→∞

pN –∑
x=

f (x)μ
(
x + pN

Zp
)

= lim
N→∞


pN

pN –∑
x=

f (x) (see [, ]). ()
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From (), we have

I(f) = I(f ) + f ′(), ()

where f(x) = f (x + ).
By using iterative method, we get

I(fn) = I(f ) +
n–∑
i=

f ′(i), ()

where fn(x) = f (x + n) (n ∈N).
As is well known, the fermionic p-adic integral on Zp is defined by Kim to be

I–(f ) =
∫
Zp

f (x) dμ–(x) = lim
N→∞

pN –∑
x=

f (x)μ–
(
x + pN

Zp
)

= lim
N→∞

pN –∑
x=

f (x)(–)x (see [, ]). ()

From (), we can derive

I–(fn) + (–)n–I–(f ) = 
n–∑
l=

(–)n–l–f (l). ()

In particular, n = , we have

I–(f) + I–(f ) = f () (see [, ]). ()

The purpose of this paper is to investigate several special polynomials related to Barnes-
type polynomials and give some identities including Witt’s formula of their polynomials.

Finally, we give some identities of mixed-type Bernoulli and Euler polynomials.

2 Barnes-type polynomials
Let a, a, . . . , ar �=  ∈ Cp. Then, by (), we get

∫
Zp

· · ·
∫
Zp

e(ax+ax+···+arxr+x)t dμ(x) · · · dμ(xr)

=

( r∏
i=

ai

)(
tr

(eat – )(eat – ) · · · (eart – )

)
ext

=

( r∏
i=

ai

) ∞∑
n=

Bn(x|a, a, . . . , ar)
tn

n!
. ()

From (), we obtain the following Witt’s formula for the Barnes-Bernoulli polynomials.
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Theorem  For a, a, . . . , ar �=  ∈Cp, we have

Bn(x|a, . . . , ar) =

( r∏
i=

ai

)– ∫
Zp

· · ·
∫
Zp

(ax + · · · + arxr + x)n dμ(x) · · · dμ(xr).

Note that

(ax + · · · + arxr)n =
∑

l+···+lr=n

(
n

l, . . . , lr

)
al

 xl
 · · ·alr

r xlr
r

=
∑

l+···+lr=n

(
n

l, . . . , lr

)( r∏
i=

ali
i

)
xl

 · · ·xlr
r . ()

By () and Theorem , we obtain the following corollary.

Corollary  For n ≥ , we have

Bn(a, . . . , ar) =
∑

l+···+lr=n

(
n

l, . . . , lr

)( r∏
i=

ali–
i

)
Bl · · ·Blr ,

where Bn = Bn() is the nth Bernoulli number.

From (), we can easily derive the following integral equation:

∫
Zp

f (x) dμ(x) =

d

d–∑
a=

∫
Zp

f (a + dx) dμ(x), ()

where d ∈N.
By (), we get

∫
Zp

· · ·
∫
Zp

e(ax+ax+···+arxr+x)t dμ(x)

=


dr

d–∑
l=

· · ·
d–∑
lr=

∫
Zp

· · ·
∫
Zp

e(la+···+lrar+a dx+···+ar dxr+x)t dμ(x) · · ·dμ(xr)

=
d–∑
l=

· · ·
d–∑
lr=

∞∑
n=

dn

dr

∫
Zp

· · ·
∫
Zp

(
la + · · · + lrar

d

+ ax + · · · + arxr +
x
d

)n

dμ(x) · · · dμ(xr)
tn

n!
. ()

By Theorem  and (), we get

Bn(x|a, . . . , ar) = dn–r
d–∑
l=

· · ·
d–∑
lr=

Bn

(
la + · · · + lrar + x

d

∣∣∣a, . . . , ar

)
. ()

Therefore, by (), we obtain the following distribution relation for a Barnes-type
Bernoulli polynomial.
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Theorem  For n ≥ , we have

Bn(x|a, . . . , ar) = dn–r
d–∑
l=

· · ·
d–∑
lr=

Bn

(
la + · · · + lrar + x

d

∣∣∣a, . . . , ar

)
.

From (), we note that

∫
Zp

ea(x+n)t dμ(x) –
∫
Zp

eaxt dμ(x) = at
n–∑
l=

ealt . ()

By (), we get

∫
Zp

eaxt dμ(x) =
at

eant – 

n–∑
l=

ealt . ()

From (), we can derive
∫
Zp

· · ·
∫
Zp

e(ax+···+arxr )t dμ(x) · · · dμ(xr)

=
(

at
enat – 

)
· · ·

(
art

enart – 

) n–∑
l,...,lr=

e(al+···+arlr )t

=

( r∏
i=

ai

) n–∑
l,...,lr=

( ∞∑
k=

Bk(na, . . . , nar)
tk

k!

) ∞∑
j=

(al + · · · + arlr)j tj

j!

=

( r∏
i=

ai

) ∞∑
m=

{ n–∑
l,...,lr=

m∑
j=

(al + · · · + arlr)jBm–j(na, . . . , nar)
(

m
j

)}
tm

m!
. ()

By (), we get
∫
Zp

· · ·
∫
Zp

(ax + · · · + arxr)m dμ(x) · · · dμ(xr)

=

( r∏
i=

ai

) n–∑
l,...,lr=

m∑
j=

(al + · · · + arlr)jBm–j(na, . . . , nar)
(

m
j

)
, ()

where n ∈N and m ∈ Z ≥ .
Therefore, by Theorem  and (), we obtain the following theorem.

Theorem  For n ∈N and m ∈ Z with m ≥ , we have

Bm(a, . . . , ar) =
n–∑

l,...,lr=

m∑
j=

(al + · · · + arlr)jBm–j(na, . . . , nar)
(

m
j

)
.

Moreover,

Bm(x|a, . . . , ar) =
n–∑

l,...,lr=

m∑
j=

(al + · · · + arlr + x)jBm–j(na, . . . , nar)
(

m
j

)
.



Lim and Do Advances in Difference Equations  (2015) 2015:42 Page 5 of 12

From (), we observe that

∫
Zp

· · ·
∫
Zp

e(ax+···+arxr )t dμ(x) · · · dμ(xr)

=
(

at
enat – 

)
· · ·

(
art

enart – 

) n–∑
l,...,lr=

e(al+···+arlr )t

=
n–∑

l,...,lr=

at · · ·art
(enat – ) · · · (enart – )

e( a l+···+ar lr
n )nt

=

( r∏
i=

ai

) n–∑
l,...,lr=

∞∑
m=

Bm

(
al + · · · + arlr

n

∣∣∣a, . . . , ar

)
nm tm

m!

=
∞∑

m=

( r∏
i=

ai

)
nm

n–∑
l,...,lr=

Bm

(
al + · · · + arlr

n

∣∣∣a, . . . , ar

)
tm

m!
. ()

Thus, by (), we get

∫
Zp

· · ·
∫
Zp

(ax + · · · + arxr)m dμ(x) · · · dμ(xr)

=

( r∏
i=

ai

)
nm

n–∑
l,...,lr=

Bm

(
al + · · · + arlr

n

∣∣∣a, . . . , ar

)
, ()

where n ∈N and m ∈ Z ≥ .
Therefore, by Theorem  and (), we obtain the following theorem.

Theorem  For n ∈ N and m ≥ , we have

Bm(a, . . . , ar) = nm
n–∑

l,...,lr=

Bm

(
al + · · · + arlr

n

∣∣∣a, . . . , ar

)
.

Moreover,

Bm(x|a, . . . , ar) = nm
n–∑

l,...,lr=

Bm

(
al + · · · + arlr + x

n

∣∣∣a, . . . , ar

)
.

Remark Let a =  and r = . Then we have

∫
Zp

e(x+n)t dμ(x) –
∫
Zp

ext dμ(x) = t
n–∑
l=

elt .

Thus, we have

∞∑
m=

{∫
Zp

(x + n)m dμ(x) –
∫
Zp

xm dμ(x)
}

tm

m!
(x) = t

n–∑
l=

∞∑
m=

lm tm

m!
. ()
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By (), we get


m + 

{∫
Zp

(x + n)m+ dμ(x) –
∫
Zp

xm+ dμ(x)
}

=
n–∑
l=

lm, ()

where n ∈N and m ∈ Z ≥ .
It is easy to show that

∫
Zp

e(x+y)t dμ(y) =
t

et – 
ext =

∞∑
n=

Bn(x)
tn

n!
, ()

where Bn(x) is the nth Bernoulli polynomial.
Thus, by (), we get

∫
Zp

(x + y)ndμ(y) = Bn(x) (n ≥ ). ()

From () and (), we note that


m + 

{
Bm+(n) – Bm+

}
=

n–∑
l=

lm,

where m ∈ Z ≥  and n ∈N.
From () and (), we can derive the following equation:

∫
Zp

e(x+)t dμ–(x) +
∫
Zp

ext dμ–(x) = .

Thus, we have

∫
Zp

e(x+y)t dμ–(y) =


et + 
ext =

∞∑
n=

En(x)
tn

n!
,

where En(x) is the nth Euler polynomial.
Witt’s formula for the Euler polynomials is given by

∫
Zp

(x + y)ndμ–(y) = En(x) (n ≥ ) (see [, ]). ()

When x = , En = En() are called the Euler numbers.
For r ∈ N, the generating function of higher-order Euler polynomials can be derived

from the multivariate p-adic fermionic integral on Zp as follows:

∫
Zp

· · ·
∫
Zp

e(x+···+xr+x)t dμ–(x) · · · dμ–(xr) =
(


et + 

)r

ext

=
∞∑

n=

E(r)
n (x)

tn

n!
.
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Thus we get

∫
Zp

· · ·
∫
Zp

(x + · · · + xr + x)n dμ–(x) · · · dμ–(xr) = E(r)
n (x) (n ∈ Z ≥ ). ()

It is easy to show that

∫
Zp

· · ·
∫
Zp

(x + · · · + xr + x)n dμ–(x) · · · dμ–(xr)

=
∑

l+···+lr=n

(
n

l, . . . , lr

)∫
Zp

xl
 dμ–(x) · · ·

∫
Zp

xlr–
r– dμ–(xr–)

×
∫
Zp

(xr + x)lr dμ–(xr)

=
∑

l+···+lr=n

(
n

l, . . . , lr

)
El El · · ·Elr– Elr (x). ()

From () and (), we have

E(r)
n (x) =

∑
l+···+lr=n

(
n

l, . . . , lr

)
El · · ·Elr– Elr (x). ()

When x = , E(r)
n = E(r)

n () are called the higher-order Euler numbers.
From (), we note that

∫
Zp

e(x+n)t dμ–(x) + (–)n–
∫
Zp

ext dμ–(x) = 
n–∑
l=

(–)n––lelt (n ∈ N). ()

Thus, by (), we get

∫
Zp

ext dμ–(x) =


ent + (–)n–

n–∑
l=

(–)n––lelt , ()

and

∞∑
m=

{∫
Zp

(x + n)m dμ–(x) + (–)n–
∫
Zp

xm dμ–(x)
}

tm

m!

=
∞∑

m=

{


n–∑
l=

(–)n––llm

}
tm

m!
(n ∈N). ()

By comparing the coefficients on the both sides of (), we get

∫
Zp

(x + n)m dμ–(x) + (–)n–
∫
Zp

xm dμ–(x) = 
n–∑
l=

(–)n––llm, ()

where n ∈N and m ∈ Z ≥ .
Therefore, by () and (), we obtain the following lemma.
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Lemma  For m ≥ , n ∈N, we have

Em(n) + (–)n–Em = 
n–∑
l=

(–)n––llm.

Let us assume that n ∈N with n ≡  (mod ).
Then, by (), we get

∫
Zp

ext dμ–(x) =


ent + 

n–∑
l=

(–)lelt . ()

Now, we consider the multivariate p-adic fermionic integral on Zp related to the higher-
order Euler numbers as follows:

∫
Zp

· · ·
∫
Zp

e(x+x+···+xr )t dμ–(x) · · · dμ–(xr)

=
(


ent + 

)r n–∑
l=

· · ·
n–∑
lr=

(–)l+···+lr e(l+···+lr )t

=

( ∞∑
l=

E(r)
l nl tl

l!

) n–∑
l=

· · ·
n–∑
lr=

(–)l+···+lr
∞∑

k=

(l + · · · + lr)k tk

k!

=
n–∑
l=

· · ·
n–∑
lr=

(–)l+···+lr
∞∑

m=

{ m∑
k=

(
m
k

)
(l + · · · + lr)knm–kE(r)

m–k

}
tm

m!

=
∞∑

m=

{ n–∑
l=

· · ·
n–∑
lr=

(–)l+···+lr
m∑

k=

(
m
k

)
nm–kE(r)

m–k(l + · · · + lr)k

}
tm

m!
. ()

Thus, from (), we can derive the following equation:

∫
Zp

· · ·
∫
Zp

(x · · · + xr)m dμ–(x) · · · dμ–(xr)

=
n–∑
l=

· · ·
n–∑
lr=

m∑
k=

(–)l+···+lr
(

m
k

)
E(r)

m–knm–k(l + · · · + lr)k , ()

where m ≥  and n ∈N with n ≡  (mod ).
Therefore, by () and (), we obtain the following theorem.

Theorem  For m ≥  and n ∈N with n ≡  (mod ), we have

E(r)
m =

n–∑
l=

· · ·
n–∑
lr=

m∑
k=

(–)l+···+lr
(

m
k

)
E(r)

m–knm–k(l + · · · + lr)k ,

Moreover,

E(r)
m (x) =

n–∑
l=

· · ·
n–∑
lr=

m∑
k=

(–)l+···+lr
(

m
k

)
E(r)

m–knm–k(l + · · · + lr + x)k .
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From (), we note that

∫
Zp

· · ·
∫
Zp

e(x+···+xr)t dμ–(x) · · · dμ–(xr)

=
(


ent + 

)r n–∑
l=

· · ·
n–∑
lr=

(–)l+···+lr e(l+···+lr )t

=
n–∑
l=

· · ·
n–∑
lr=

(–)l+···+lr
(


ent + 

)r

e( l+···+lr
n )nt

=
∞∑

m=

n–∑
l=

· · ·
n–∑
lr=

(–)l+···+lr E(r)
m

(
l + · · · + lr

n

)
nm tm

m!
, ()

where n ∈N with n ≡  (mod ).
Thus, by (), we get

∫
Zp

· · ·
∫
Zp

(x + · · · + xr)m dμ–(x) · · · dμ–(xr)

=
n–∑
l=

· · ·
n–∑
lr=

(–)l+···+lr E(r)
m

(
l + · · · + lr

n

)
nm, ()

where m ∈ Z ≥ , n ∈N with n ≡  (mod ).
Therefore by () and (), we obtain the following theorem.

Theorem  For m ∈ Z≥ , n ∈N with n ≡  (mod ), we have

E(r)
m = nm

n–∑
l=

· · ·
n–∑
lr=

(–)l+···+lr E(r)
m

(
l + · · · + lr

n

)
,

Moreover,

E(r)
m (x) = nm

n–∑
l=

· · ·
n–∑
lr=

(–)l+···+lr E(r)
m

(
l + · · · + lr + x

n

)
.

For a, a, . . . , ar ∈ Cp\{}, let us consider the Barnes-type multiple Euler polynomials
as follows:

∫
Zp

· · ·
∫
Zp

e(ax+···+arxr+x)t dμ–(x) · · · dμ–(xr)

=
(


eat + 

)
× · · · ×

(


eart + 

)
ext

=
∞∑

n=

En(x|a, . . . , ar)
tn

n!
. ()

When x = , En(a, . . . , ar) = En(|a, . . . , ar) is called the nth Barnes-type Euler number.
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For d ∈N with d ≡  (mod ), we observe that

∫
Zp

f (x) dμ–(x) =
d–∑
a=

(–)a
∫
Zp

f (a + dx) dμ–(x). ()

From (), we can derive the following equation:

∫
Zp

· · ·
∫
Zp

e(ax+···+arxr)t dμ–(x) · · · dμ–(xr)

=
d–∑
l=

· · ·
d–∑
lr=

(–)l+···+lr
∫
Zp

· · ·
∫
Zp

e{al+···+arlr+(ax+···+arxr)d}t dμ–(x) · · · dμ–(xr)

=
∞∑

n=

dn
d–∑
l=

· · ·
d–∑
lr=

(–)l+···+lr
∫
Zp

· · ·
∫
Zp

(
al + · · · + arlr

d

+ ax + · · · + arxr

)n

dμ–(x) · · · dμ–(xr)
tn

n!
. ()

By (), we get

∫
Zp

· · ·
∫
Zp

(ax + · · · + arxr)n dμ–(x) · · · dμ–(xr)

= dn
d–∑
l=

· · ·
d–∑
lr=

(–)l+···+lr
∫
Zp

· · ·
∫
Zp

(
al + · · · + arlr

d

+ ax + · · · + arxr

)n

dμ–(x) · · · dμ–(xr). ()

Therefore, by () and (), we obtain the following theorem.

Theorem  For d ∈N with d ≡  (mod ), n ≥ , we have

En(a, . . . , ar) = dn
d–∑
l=

· · ·
d–∑
lr=

(–)l+···+lr En

(
al + · · · + arlr

d

∣∣∣a, . . . , ar

)
.

Moreover,

En(x|a, . . . , ar) = dn
d–∑
l=

· · ·
d–∑
lr=

(–)l+···+lr En

(
x + al + · · · + arlr

d

∣∣∣a, . . . , ar

)
.

Remark Note that

En(x|a, . . . , ar) =
n∑

l=

(
n
l

)
xlEn–l(a, . . . , ar)

=
n∑

l=

(
n
l

)
xn–lEl(a, . . . , ar).
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Thus, we have

∫
Zp

· · ·
∫
Zp

· · ·
∫
Zp

(ax + · · · + arxr

+ by + · · · + bsys)n dμ–(y) · · · dμ–(ys) dμ(x) · · · dμ(xr)

=
∫
Zp

· · ·
∫
Zp

En(ax + · · · + arxr|b, . . . , bs) dμ(x) · · · dμ(xr)

=
n∑

l=

(
n
l

)
En–l(b, . . . , bs)

∫
Zp

· · ·
∫
Zp

(ax + · · · + arxr)l dμ(x) · · · dμ(xr)

=
n∑

l=

(
n
l

)
En–l(b, . . . , bs)Bl(a, . . . , ar). ()

Now, we define mixed-type Barnes-type Euler and Bernoulli numbers as follows:

EBn(b, . . . , bs; a, . . . , ar)

=
∫
Zp

· · ·
∫
Zp

· · ·
∫
Zp

(ax + · · · + arxr

+ by + · · · + bsys)n dμ–(y) · · · dμ–(ys) dμ(x) · · · dμ(xr), ()

where a, . . . , ar , b, . . . , bs �= .
By () and (), we get

EBn(b, . . . , bs; a, . . . , ar) =
n∑

l=

(
n
l

)
En–l(b, . . . , bs)Bl(a, . . . , ar).
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