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Università degli Studi di Milano

Via Celoria 16, 20133 Milano, Italy
carloalberto.mantica@libero.it

Young Jin Suh

Department of Mathematics
Kyungpook National University

Taegu 702-701, Korea
yjsuh@knu.ac.kr

Received 17 March 2013
Accepted 11 March 2014
Published 30 April 2014

Dedicated to Professor Witold Roter on his 82nd Birthday

In this paper, we introduce the notion of recurrent conformal 2-forms on a pseudo-
Riemannian manifold of arbitrary signature. Some theorems already proved for the same
differential structure on a Riemannian manifold are proven to hold in this more general
contest. Moreover other interesting results are pointed out; it is proven that if the asso-

ciated covector is closed, then the Ricci tensor is Riemann compatible or equivalently,
Weyl compatible: these notions were recently introduced and investigated by one of the
present authors. Further some new results about the vanishing of some Weyl scalars on
a pseudo-Riemannian manifold are given: it turns out that they are consequence of the
generalized Derdziński–Shen theorem. Topological properties involving the vanishing of
Pontryagin forms and recurrent conformal 2-forms are then stated. Finally, we study the
properties of recurrent conformal 2-forms on Lorentzian manifolds (space-times). Previ-
ous theorems stated on a pseudo-Riemannian manifold of arbitrary signature are then
interpreted in the light of the classification of space-times in four or in higher dimensions.
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1. Introduction

Recurrent manifolds have been of great interest and were investigated by many
geometers (see for example [1, 24, 25, 32, 33, 52, 74]). In particular, Walker studied
manifolds on which the Riemann curvature tensor is recurrent [74] while conformally

1450056-1

http://dx.doi.org/10.1142/S021988781450056X


June 27, 2014 14:45 WSPC/S0219-8878 IJGMMP-J043 1450056

C. A. Mantica & Y. J. Suh

recurrent manifolds were investigated by Adati and Miyazawa [1] as well as other
geometers (see for example [24, 25, 52, 58–61]). In 1972, McLenaghan and Leroy [46]
and then McLenaghan and Thompson [47] embarked on a detailed investigation of
space-times with complex-recurrent conformal curvature tensor. They showed that
such spaces belong to types D and N of the Petrov–Penrose diagram, and found
the metric forms of these spaces in the case in which the recurrence vector is real.
In [36] the authors introduced the notion of K-recurrent manifold. A Riemannian
manifold with generalized curvature tensor is said to be K-recurrent tensor (KRM )n

if it is nonzero and satisfies the following condition (see [18, 60]):

∇iK
m
jkl = αiK

m
jkl, (1)

where αi is a non-null covector.
Recently, the present authors (see [42–44]) introduced the notion of recurrent

forms on a Riemannian manifold. They stated the following:

Definition 1. Let M be an n-dimensional Riemannian manifold. The curvature 2-
form Ωm

(K)l = Km
jkldx

j ∧ dxk is said to be recurrent if there exist a nonzero scalar
1-form α for which:

DΩm
(K)l = α ∧ Ωm

(K)l, (2)

being α = αidx
i the associated 1-form and DΩm

(K)l = ∇iK
m
jkldx

i ∧ dxj ∧ dxk is the
covariant exterior derivative [35] associated to the connection ∇ with respect to the
(positive definite) metric gkl.

In particular, they investigated the properties of recurrent conformal 2-forms on
an n-dimensional Riemannian manifold, i.e.:

DΩm
(C)l = α ∧ Ωm

(C)l, (3)

being Ωm
(C)l = Cm

jkldx
j ∧ dxk the curvature 2-form associated to the conformal

curvature tensor, defined in local components as [56]:

Cm
jkl = Rm

jkl +
1

n− 2
(δm

j Rkl − δm
kRjl +Rm

j gkl −Rm
k gjl)

− R

(n− 1)(n− 2)
(δm

j gkl − δm
k gjl). (4)

In the previous expression the Ricci tensor is defined as Rkl = −Rm
mkl [75] and the

scalar curvature as R = gijRij (it may be scrutinized that the conformal curvature
tensor vanishes identically for n = 3 [56]). Some useful theorems about recurrent
curvature 2-forms were stated and the particular case with harmonic conformal
curvature tensor i.e. for which ∇mC

m
jkl = 0 [5] was investigated. In the same paper

was introduced the notion of recurrence of a generalized Ricci 1-form, i.e. for the
vector-valued 1-form defined as:

Λ(K)l = Kkldx
k, (5)
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being Kkl = −Km
mkl the symmetric contraction of the generalized curvature tensor.

The following definition was stated:

Definition 2. Let M be an n-dimensional Riemannian manifold. The generalized
Ricci 1-form Λ(K)l = Kkldx

k is said to be recurrent if there exist a nonzero scalar
1-form β for which:

DΛ(K)l = β ∧ Λ(K)l, (6)

being β = βidx
i the associated 1-form.

In [41] and subsequently in [37] a new generalized (0, 2) symmetric tensor was
introduced and studied; precisely the new tensor was defined as:

Zkl = Rkl + ϕgkl, (7)

where ϕ is an arbitrary scalar function and was named generalized Z tensor. These
authors pointed out several interesting properties of such tensor. From the results
in [37, 41] the Z tensor may be used to write the Einstein’s field equations of
general relativity (see [15, 29, 65, 66, 73]). In fact the equation Zkl = kTkl being
k = 8πG

c4 the Einstein’s gravitational constant and the condition ∇lZkl = 0 coming
from the stress-energy tensor give ∇k(R

2 + ϕ) = 0 that is ϕ = −R
2 + Λ. The

term Λ is thus the cosmological constant and Einstein’s equations take the form
Rkl − R

2 gkl + Λgkl = kTkl. These equations relate the Ricci tensor of a space-
time to the matter content described by the stress-energy tensor Tkl. Moreover, a
Z form associated to the Z tensor was introduced in [42]. Then the notion of Z
recurrent form was defined [42] and several properties of Riemannian manifolds on
which the Z form is recurrent was studied in depth. The notion of Z recurrent form
incorporates both pseudo-Z-symmetric and weakly Z-symmetric manifolds [37, 41].

In this paper, we investigate the properties of recurrent conformal 2-forms on
pseudo-Riemannian manifolds. In Sec. 2, some general properties already proven
in the Riemannian case are readily extended to the case of arbitrary signature and
some new results are stated; moreover it is proven that if the associated covector is
closed then the Ricci tensor is Riemann- and Weyl-compatible: these notions were
recently introduced and investigated by one of the present authors (see [38–40]).

In Sec. 3, we study conformal changes of metric and recurrent 2-forms; a nice
result is pointed out. In Sec. 4, a deep account of Riemann and Weyl compati-
bility of (0, 2) symmetric tensors is given: some new results about the generalized
Derdziński–Shen theorem are investigated. It is shown that this implies the vanish-
ing of some Weyl’s scalars. In Sec. 5, topological properties involving Pontryagin
forms and recurrent conformal 2-forms are stated. Finally, in Sec. 6, we study the
properties of recurrent conformal 2-forms on Lorentzian manifolds (space-times).
Previous theorems stated on a pseudo-Riemannian manifold of arbitrary signature
are then interpreted in the light of the classification of space-times in four or in n

dimensions. Throughout the paper, all manifolds under considerations are assumed
to be connected Hausdorff manifolds endowed with a non-degenerate metric of
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arbitrary signature, i.e. n-dimensional pseudo-Riemannian manifolds; where neces-
sarily we will specialize to a metric of signature s = n−2, i.e. to n(≥4)-dimensional
Lorentz manifolds [29].

2. Recurrent Conformal Forms: General Properties

In this section, we extend the notion of recurrent conformal 2-forms to pseudo-
Riemannian manifolds of arbitrary signature. First we recall some basic definitions
about generalized curvature tensors and associated forms: consider a class of tensor
K of type (1, 3), with the local components Km

jkl, defined on an n-dimensional
vector space with the usual symmetries of the Riemann tensor satisfying the first
Bianchi identity. Specifically, we admit a generalized curvature tensor satisfying the
following relations [34, 36, 68]:

(a) Km
jkl +Km

klj +Km
ljk = 0, Km

jkl = −Km
kjl,

(b) ∇iK
m
jkl + ∇jK

m
kil + ∇kK

m
ijl = Bm

ijkl,
(8)

where Bm
ijkl is a tensor source in the second Bianchi identity. Moreover, we may

also define an associated completely covariant (0, 4) tensor Kjklm = gmhK
h
jkl with

the following further properties [34]:

Kjklm = −Kkjlm = −Kjkml,

Kjklm = Klmjk.
(9)

In this way the contraction Kkl = −Km
mkl defines a symmetric generalized Ricci

tensor [43]. An n-dimensional pseudo-Riemannian manifold is said to be K-flat
if Km

jkl = 0 and K-symmetric if ∇iK
m
jkl = 0, K-harmonic if ∇mK

m
jkl = 0 and

K-recurrent if ∇iK
m
jkl = αiK

m
jkl [36]. Now the vector-valued form associated to a

generalized curvature tensor is given by:

Ωm
(K)l = Km

jkldx
j ∧ dxk. (10)

If we consider the symmetric contraction Kkl = −Km
mkl a generalized Ricci 1-form

may be defined [43] as follows:

Λ(K)l = Kkldx
k. (11)

Hereafter, we consider an n-dimensional pseudo-Riemannian manifold admitting
nonzero tensor K. The forms Ωm

(K)l,Λ(K)l are said to be closed if DΩm
(K)l = 0,

DΛ(K)l = 0 being D the exterior covariant derivative. This implies respectively

∇iK
m
jkl + ∇jK

m
kil + ∇kK

m
ijl = 0 = Bm

ijkl

and

∇iKkl −∇kKil = 0,

for the previously defined forms (see [43, 44]).
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We recall that a generalized curvature tensor K with vanishing tensor Bm
ijkl is

called a proper generalized curvature tensor ([50, p. 27]).
The notion of recurrent curvature form enlarges the closedness condition and

the ordinary recurrence of curvature tensors. Here, we extend such definitions to
pseudo-Riemannian manifolds.

Definition 3. Let M be an n-dimensional pseudo-Riemannian manifold. The cur-
vature 2-form Ωm

(K)l = Km
jkldx

j ∧dxk is said to be recurrent if there exist a nonzero
scalar 1-form α for which:

DΩm
(K)l = α ∧ Ωm

(K)l, (12)

being α = αidx
i the associated 1-form.

It is easy to see that the previous condition is a generalization of the notion of
K-recurrency. In fact if we write Eq. (12) in local components we have:

(∇iK
m
jkl − αiK

m
jkl)dx

i ∧ dxj ∧ dxk = 0. (13)

If α = 0 we recover the closedness of Ωm
(K)l. The following theorem stated in [44]

explains the meaning of this kind of recurrence.

Theorem 4 ([44]). Let M be an n-dimensional pseudo-Riemannian manifold. The
curvature 2-form Ωm

(K)l = Km
jkldx

j ∧ dxk satisfies condition (12) if and only if :

Bm
ijkl = ∇iK

m
jkl + ∇jK

m
kil + ∇kK

m
ijl = αiK

m
jkl + αjK

m
kil + αkK

m
ijl. (14)

Proof. From Eq. (13) we easily obtain the following expression:

(∇iK
m
jkl − αiK

m
jkl)dx

i ∧ dxj ∧ dxk

=
1
3!

(∇iK
m
jkl − αiK

m
jkl)δ

ijk
rstdx

r ∧ dxs ∧ dxt

=
∑

r<s<t

(∇iK
m
jkl − αiK

m
jkl)δ

ijk
rstdx

r ∧ dxs ∧ dxt = 0. (15)

The above condition is fulfilled if and only if (∇iK
m
jkl −αiK

m
jkl)δ

ijk
rst = 0 from which

Eq. (14) follows immediately. Obviously if the manifold is K-recurrent ∇iK
m
jkl =

αiK
m
jkl, then condition (14) is satisfied.

Now we focus on the notion of recurrence for the generalized Ricci 1-form
Λ(K)l = Kkldx

k where Kkl = −Km
mkl.

Definition 5. Let M be an n-dimensional pseudo-Riemannian manifold. The gen-
eralized Ricci 1-form Λ(K)l = Kkldx

k is said to be recurrent if there exist a nonzero
scalar 1-form β for which:

DΛ(K)l = β ∧ Λ(K)l, (16)

being β = βidx
i the associated 1-form.
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In local components the previous equation may be written in the form:

(∇iKkl − βiKkl)dxi ∧ dxk = 0. (17)

If β = 0 the closedness of the generalized Ricci 1-form is recovered. The following
theorem explains the meaning of this kind of recurrence [44].

Theorem 6. Let M be an n-dimensional pseudo-Riemannian manifold. The gen-
eralized Ricci 1-form Λ(K)l = Kkldx

l satisfies condition (16) if and only if :

∇iKkl −∇kKil = βiKkl − βkKil. (18)

Proof. From Eq. (16) we easily obtain the following expression:

(∇iKkl − βiKkl)dxk ∧ dxk =
1
2!

(∇iKkl − βiKkl)δik
rsdx

r ∧ dxs

=
∑
r<s

(∇iKkl − βiKkl)δik
rsdx

r ∧ dxs = 0. (19)

The above condition is fulfilled if and only if (∇iKkl − αiKkl)δik
rs = 0 from which

one concludes immediately.

Remark 7. The previous Theorem 6 written for the Ricci 1-form Λl = Rkldx
k

becomes ∇iRkl − ∇kRil = βiRkl − βkRil. It is easy to see that if we consider
a Ricci recurrent manifold, i.e. the condition ∇iRkl = βiRkl [53], then on such
manifold the Ricci 1-form is recurrent. Ricci recurrent space-times were also studied
in detail by Hall [28]. Moreover other differential structures satisfy Theorem 6 for the
Ricci 1-form. Tamassy and Binh [69] introduced and studied a pseudo-Riemannian
manifold whose Ricci tensor satisfies the equation:

∇kRjl = AkRjl +BjRkl +DlRkj ,

being A, B, D nonzero 1-forms. From this we infer easily ∇kRjl − ∇jRkl =
(Ak − Bk)Rjl − (Aj − Bj)Rkl and the Ricci 1-form is recurrent. Finally, it should
be mentioned that also pseudo-Ricci symmetric manifolds defined by the condi-
tion ∇kRjl = 2AkRjl + AjRkl + AlRkj and introduced by Chaki [6] obviously
satisfy (18).

Some other useful relations may be obtained from Eq. (14). A contraction with
gkl gives immediately:

∇mK
m
jkl + ∇jKkl −∇kKjl = αmK

m
jkl + αjKkl − αkKjl. (20)

A further contraction gives:

2∇lKjl −∇jK = 2αlKjl − αjK. (21)

A further interesting theorem may be stated for recurrent 2-form

Ωm
(K)l = Km

jkldx
j ∧ dxk.
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Theorem 8. Let M be an n-dimensional pseudo-Riemannian manifold with recur-
rent 2-form Ωm

(K)l = Km
jkldx

j ∧ dxk. Then the following relation is fulfilled :

∇iK
m
jkl + ∇jK

m
kil + ∇kK

m
lji + ∇lK

m
ikj = αiK

m
jkl + αjK

m
kil + αkK

m
lji + αlK

m
ikj . (22)

Proof. We write four versions of Eq. (14) with cyclically permuted indices i, j, k, l
and sum up; then use the first Bianchi identity for the tensor K to simplify.

Hereafter, we concentrate on recurrent conformal 2-forms on pseudo-Rie-
mannian manifolds. We recall that a manifold is conformally recurrent [1, 36] when
the conformal curvature tensor satisfies the relation ∇iC

m
jkl = αiC

m
jkl where αi is

a nonzero covector. In [68] Suh, Kwon and Yang studied conformally recurrent
pseudo-Riemannian manifolds with harmonic conformal curvature tensor, i.e. with
∇mC

m
jkl = 0 [5]. In the Riemannian case they stated the following theorem:

Theorem 9 ([68, Remark 3.3]). Let M be an n(n ≥ 4)-dimensional Riemannian
manifold with Riemaniann connection ∇. Assume that M is conformally recur-
rent and has the harmonic conformal curvature tensor. Then M is conformally
symmetric.

Now if we consider the recurrent conformal 2-form DΩm
(C)l = α ∧ Ωm

(C)l on a
pseudo-Riemannian manifold the general Eq. (14) may be written as [44]:

∇iC
m
jkl + ∇jC

m
kil + ∇kC

m
ijl = αiC

m
jkl + αjC

m
kil + αkC

m
ijl = Bm

ijkl . (23)

Obviously Eq. (23) is satisfied when ∇iC
m
jkl = αiC

m
jkl. As a consequence of the

previous condition if we take i = m we get:

∇mC
m
jkl = αmC

m
jkl. (24)

We remark that a (0, 4) version of Eq. (23) may be written, i.e.:

∇iCjklm + ∇jCkilm + ∇kCijlm = αiCjklm + αjCkilm + αkCijlm, (25)

where Cjklm = gpmC
p
jkl . It is well-known (see [1, Eq. (3.7)]) that the source term

for the second Bianchi identity for the conformal curvature tensor may be written
in the following form:

∇iC
m
jkl + ∇jC

m
kil + ∇kC

m
ijl

=
1

n− 3
[δm

j ∇pC
p
kil + δm

k ∇pC
p
ijl + δm

i ∇pC
p
jkl

+ gkl∇pC
mp
ji + gil∇pC

mp
kj + gjl∇pC

mp
ik ]. (26)

Note that Cmp
kj = gprCm

kjr = gprgmsCkjrs. Considering Eqs. (23) and (26) we may
easily state the following proposition:

Proposition 10. Let M be an n(≥4)-dimensional non-conformally flat pseudo-
Riemannian manifold with recurrent conformal 2-form: then αiC

m
jkl + αjC

m
kil +

αkC
m
ijl = 0 if and only if ∇mC

m
jkl = 0.

1450056-7
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Proof. If ∇mC
m
jkl = 0 from (26) we have ∇iC

m
jkl + ∇jC

m
kil + ∇kC

m
ijl = 0 and thus

αiC
m
jkl + αjC

m
kil + αkC

m
ijl = 0; on the other hand if the right-hand side of (23)

vanishes, then taking i = m we get the result.

The condition αiC
m
jkl +αjC

m
kil +αkC

m
ijl = 0 on a pseudo-Riemannian manifold

has been extensively studied in the geometric literature (see for example [13, 20,
22, 23]).

Here, we prove the following lemma.

Lemma 11. Let M be an n-dimensional non-conformally flat pseudo-Riemannian
manifold with recurrent conformal 2-form: if αiC

m
jkl + αjC

m
kil + αkC

m
ijl = 0 then:

(1) αiαi = 0,

(2) Cm
jklC

jkl
m = 0,

(3) Ck
lmjC

j
pqk = 0.

Proof. From αiC
m
jkl + αjC

m
kil + αkC

m
ijl = 0 we have also αmC

m
jkl = 0 and thus

contracting with αi one obtains αiαiC
m
jkl = 0 from which we infer (1); on the

other hand contracting with Cjkl
m one obtains αiC

m
jklC

jkl
m = 0 from which we infer

(2). Finally contracting αiCjklm + αjCkilm + αkCijlm = 0 with Ckj
pq and using

αmC
m
jkl = 0 we get αiCjklmC

kj
pq = 0 from which (3) follows immediately.

Following the same trick of [22] we are in a position to prove the following:

Proposition 12. Let M be an n-dimensional non-conformally flat pseudo-Rie-
mannian manifold with recurrent conformal 2-form: then αiCjklm + αjCkilm +
αkCijlm = 0 (i.e.∇mC

m
jkl = 0) if and only if there exist a symmetric (0, 2) ten-

sor Akl for which

Cjklm = αjαmAkl − αjαlAmk − αkαmAjl + αkαlAjm, (27)

being αiαi = 0.

Proof. If the Weyl tensor is of the form (27), then after straightforward calculations
it is easy to see that αiCjklm +αjCkilm +αkCijlm = 0 holds and thus the covector
αi is null.

On the other hand, let θi be a unit vector such that θiαi = 1: then contracting
the condition αiCjklm + αjCkilm + αkCijlm = 0 with θi a first time we infer

Cjklm = αjθ
iCiklm − αkθ

iCijlm. (28)

Contracting again the previous result with θm we get:

θmCmlkj = αjAkl − αkAjl,

being Akl = θiθmCiklm a symmetric (0, 2) tensor. Inserting back in Eq. (28) we get
the result.

1450056-8
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Remark 13. Let us consider conformal recurrent 2-form that are also Ricci flat,
i.e. with Rkl = 0: in this case we have Rm

jkl = Cm
jkl from Eq. (23) recalling the

second Bianchi identity for the Riemann tensor we immediately have

αiR
m
jkl + αjR

m
kil + αkR

m
ijl = 0. (29)

Such a condition describes the so-called B-space introduced and studied by
Venzi [70]. Moreover, the previous condition is fulfilled by any four-dimensional
space-time of Petrov type T2 (see [55, p. 111] or [13]).

Now, we will state a fundamental theorem involving an algebraic relation which
is satisfied in the case of recurrent conformal 2-form DΩm

(C)l = α∧Ωm
(C)l with closed

recurrence parameter (see [44]).

Theorem 14. Let M be an n(≥4)-dimensional pseudo-Riemannian manifold with
recurrent conformal 2-form, i.e. with DΩm

(C)l = α ∧ Ωm
(C)l: then if αk is a closed

1-form the following algebraic relation is fulfilled:

RimR
m
jkl +RjmR

m
kil +RkmR

m
ijl = 0. (30)

The proof of the previous theorem need some auxiliary lemmas. The first one is
known as Lovelock’s differential identity and may be found for example in [35, 36].

Lemma 15 (Lovelock’s differential identity). Let M be an n-dimensional
pseudo-Riemannian manifold : then the following identity is fulfilled :

∇i∇mR
m
jkl + ∇j∇mR

m
kil + ∇k∇mR

m
ijl = −RimR

m
jkl −RjmR

m
kil −RkmR

m
ijl. (31)

Lovelock’s identity is thus written for the conformal curvature tensor (see
[36, 44]):

∇i∇mC
m
jkl + ∇j∇mC

m
kil + ∇k∇mC

m
ijl

= −n− 3
n− 2

(RimR
m
jkl + RjmR

m
kil +RkmR

m
ijl). (32)

Now, we recall that ∇mC
m
jkl = αmC

m
jkl and ∇iC

m
jkl +∇jC

m
kil+∇kC

m
ijl = αiC

m
jkl+

αjC
m
kil + αkC

m
ijl thus the left-hand side of previous equation may be written in the

form:

(∇iαm)Cm
jkl + (∇jαm)Cm

kil + (∇kαm)Cm
ijl + αm(αiC

m
jkl + αjC

m
kil + αkC

m
ijl). (33)

Now the divergence of αiC
m
jkl + αjC

m
kil + αkC

m
ijl = Bm

ijkl is taken to give straight-
forwardly:

(∇mαi)Cm
jkl + (∇mαj)Cm

kil + (∇mαk)Cm
ijl

+αm(αiC
m
jkl + αjC

m
kil + αkC

m
ijl) = ∇mB

m
ijkl . (34)

1450056-9
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If the closeness of the recurrence parameter is taken into account we can write
finally:

∇mB
m
ijkl = −n− 3

n− 2
(RimR

m
jkl +RjmR

m
kil +RkmR

m
ijl). (35)

We have thus proved the following result:

Lemma 16. Let M be an n-dimensional pseudo-Riemannian manifold with the
recurrent conformal curvature 2-form DΩm

(C)l = α∧Ωm
(C)l: if the recurrence param-

eter is closed then (35) holds.

Now the following lemma about the source term of the second Bianchi identity
for the conformal curvature tensor is stated [44]:

Lemma 17. The divergence of the source term in the second Bianchi identity for
the conformal curvature tensor takes the form:

∇mB
m
ijkl = − 1

n− 2
(RimR

m
jkl +RjmR

m
kil +RkmR

m
ijl). (36)

Proof. We recall that in the case of conformal curvature tensor the source term B

takes the form:

Bm
ijkl =

1
n− 2

[δm
j (∇iRkl −∇kRil) + δm

i (∇kRjl −∇jRkl) + δm
k (∇jRil −∇iRjl)

+ gil(∇jR
m
k −∇kR

m
j ) + gjl(∇kR

m
i −∇iR

m
k ) + gkl(∇iR

m
j −∇jR

m
i )]

− 1
(n− 1)(n− 2)

[δm
j (∇iRgkl −∇kRgil)

+ δm
i (∇kRgjl −∇jRgkl) + δm

k (∇jRgil −∇iRgjl)]. (37)

Taking the covariant derivative ∇m of the previous equation and recalling that
∇l∇mR

lm
jk = 0 (see [35, 36, 44]) we obtain:

∇mB
m
ijkl = − 1

n− 2
(∇i∇mR

m
jkl + ∇j∇mR

m
kil + ∇k∇mR

m
ijl). (38)

Now Lovelock’s identity is used to conclude.

Proof of Theorem 14. If we take into account both Lemmas 16 and 17 we
simply infer RimR

m
jkl + RjmR

m
kil + RkmR

m
ijl = 0 and the theorem is proven.

Now the left-hand side of Eq. (32) is simply the exterior covariant derivative of
the vector-valued 1-form associated with the divergence of the conformal curvature
tensor, i.e. Π(C)l = ∇mC

m
jkldx

j ∧ dxk: thus in view of the previous theorem the
following result is obtained

Theorem 18. Let M be an n-dimensional pseudo-Riemannian manifold with
recurrent conformal curvature 2-form, i.e. DΩm

(C)l = α ∧ Ωm
(C)l: if the recurrence

parameter is closed then DΠ(C)l = 0.
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If the Ricci tensor satisfies Eq. (30) it is named Riemann-compatible (see [14,
19, 38–40, 57]). Geometric and topological consequences of this condition were
extensively studied in [39]. If we insert in relation the local form of the Weyl tensor
(4) (see [56]) we obtain:

RimC
m
jkl +RjmC

m
kil +RkmC

m
ijl = 0. (39)

The Ricci tensor is thus Weyl-compatible. In recent works Weyl compatibility has
been extensively investigated in the Riemannian case [39] and in the pseudo-
Riemannian case [40]. We note that results on semi-Riemannian manifolds sat-
isfying (30) and (39) are also given in some papers published earlier than [38–40]
(see [14, 19, 57]). In Sec. 4, we will give a deep account of its consequences. If we use
Einstein’s equations in (39) we infer an analogous condition for the stress-energy
tensor, namely:

TimC
m
jkl + TjmC

m
kil + TkmC

m
ijl = 0. (40)

From the above discussion we may state the following:

Theorem 19. Let M be an n-dimensional pseudo-Riemannian manifold with
recurrent conformal curvature 2-form, i.e. DΩm

(C)l = α ∧ Ωm
(C)l: if the recurrence

parameter is closed then the Ricci and the stress-energy tensors are Weyl-comp-
atible.

Now, we provide some examples of recurrent conformal 2-form as follows:

Example 1. De and Bandyopadhyay in [10] (see also [9] for a detailed com-
pendium) introduced the notion of weakly conformally symmetric manifolds and
proved its existence in the Riemannian case by an example. The same kind of
Riemannian manifolds were also investigated in [64]. Here, we extend this notion
to manifolds endowed with metric of arbitrary signature. A non-conformally flat
pseudo-Riemannian manifold is said to be weakly conformally symmetric (WCS)n

if the conformal curvature tensor satisfies the condition:

∇iCjklm = AiCjklm +BjCiklm + CkCjilm +DlCjkim + EmCjkli, (41)

where A,B,C,D,E are called associated 1-forms. By permuting cyclically the
indices i, j, k and summing the resulting equations we infer simply:

∇iCjklm + ∇jCkilm + ∇kCijlm

= (Ai −Bi − Ci)Cjklm + (Aj −Bj − Cj)Ckilm + (Ak −Bk − Ck)Cijlm. (42)

Example 2 (See [67]). For any integer p(≥2) and any complex number c such
that |c| ≥ 1 we define complex Euclidean space C2n+1

n of index 2n is defined as
follows:

1450056-11
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Let {zj, zj∗ , z2n+1} = {z1, . . . , z2n+1} be a complex coordinate of C2n+1
n . Then

M = M(p, c) is an indefinite complete complex hypersurface of index 2n defined by

z2n+1 =
∑

j

hj(zj + czj∗), hj(z) = zp,

where c is any complex number such that |c| ≥ 1. Then the component of the cur-
vature tensor of M is given by

Kījkm̄ = −hjkh̄im = −p2(p− 1)2δjkδim|z|2(p−2),

Kījkm̄∗ = −hjkh̄im∗ = −cp2(p− 1)2δjkδim|z|2(p−2).

From this M is not necessarily flat. Moreover, we get

Kījkm̄n = −hjknh̄im = −p2(p− 1)2(p− 2)δjmδik|z|2(p−2)z−1

= (p− 2)δjnz
−1Kij̄km̄ = αjδjnKījkm̄,

where αj = dβj and the smooth function βj is defined by

βj = log
hj(z)
z2

= log zp−2, p≥ 3.

So, we know here that the recurrent parameter 1-form α becomes coclosed, that
is, ∇iαj = ∇jαi. Then the derivative of the component of Riemannian curvature
tensor Rαβγδ = g(R(Eα, Eβ)Eγ , Eδ), α, β, . . . = 1, . . . , 4n, is given as follows:

RABCDE = 2αERABCD,

where the indices A,B, . . . = 1, . . . , 2n. In such a case we have known that the
Ricci tensor is flat if |c| = 1 and the complex hypersurface M of index 2n in a
(2n+1)-dimensional indefinite complex Euclidean space C2n+1

n of index 2n defined
above is conformally recurrent. So, it naturally composes a subclass of recurrent
conformal curvature 2-form which is non-weakly conformal symmetric satisfying
(25). Also this gives an example of Theorem 6, because M is Ricci flat but not
conformally flat.

We have thus proven the following.

Theorem 20. On an n-dimensional weakly conformally symmetric pseudo-Rie-
mannian manifold the conformal curvature 2-form is recurrent, i.e. DΩm

(C)l = α ∧
Ωm

(C)l with αi = Ai −Bi − Ci.

Moreover, if the covector αi = Ai − Bi − Ci is a closed 1-form from the above
discussion we have the following theorem.

Theorem 21. Let M be an n-dimensional weakly conformally symmetric pseudo-
Riemannian manifold. If the covector αi = Ai − Bi − Ci is closed, then the Ricci
tensor is Riemann-compatible, i.e. the relation RimC

m
jkl +RjmC

m
kil + RkmC

m
ijl = 0

is fulfilled.
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Example 3. De and Gazi introduced and studied in [11] the notion of almost
pseudo-conformally symmetric manifold and proved its existence by a suitable
example. A non-conformally flat pseudo-Riemannian manifold is said to be almost
pseudo-conformally symmetric manifold (APCS)n if the conformal curvature tensor
satisfies the condition:

∇iCjklm = (Ai +Bi)Cjklm + AjCiklm +AkCjilm +AlCjkim +AmCjkli,

where A, B are non-null 1-forms. By permuting cyclically the indices i, j, k and
summing the resulting equations we obtain:

∇iCjklm + ∇jCiklm + ∇kCijlm

= (Bi −Ai)Cjklm + (Bj −Aj)Ckilm + (Bk −Ak)Cijlm.

Moreover it can be shown ([11, Theorem 2.1]) that ∇mC
m
jkl = BmC

m
jkl. This gives

another example of non-weakly conformal symmetric satisfying (25).

We have thus proven the following:

Theorem 22. On an n-dimensional almost pseudo-conformally symmetric pseudo-
Riemannian manifold the conformal 2-form is recurrent, i.e. DΩm

(C)l = α ∧ Ωm
(C)l

with αi = Bi −Ai; moreover it is ∇mC
m
jkl = 0 if and only if BmC

m
jkl = 0.

Example 4. We consider again the B-space introduced by Venzi [70], i.e. αiRjklm+
αjRkilm + αkRijlm = 0 and suppose that it is also Ricci recurrent with the same
recurrence parameter, i.e. ∇iRkl = αiRkl. From the definition of conformal curva-
ture tensor it is then ∇iCjklm = ∇iRjklm +αi(Cjklm −Rjklm) and thus the confor-
mal 2-form is recurrent satisfying (25) by the second Bianchi identity. This kind of
B-space also becomes another subclass which is not weakly conformal symmetric.

Theorem 23. Let M be an n-dimensional B-space described by the condition
αiRjklm + αjRkilm + αkRijlm = 0: if the Ricci tensor is recurrent with the
same recurrence parameter, then the conformal 2-form is recurrent, i.e. DΩm

(C)l =
α ∧ Ωm

(C)l.

3. Recurrent Conformal 2-Forms and Conformal Transformations

In this section, we study the behavior of recurrent conformal 2-forms under con-
formal transformations of the metric tensor. Let M be an n-dimensional pseudo-
Riemannian manifold with the metric tensor gkl. The metric transformation ḡkl =
e2σgkl being σ a scalar function defines a conformal transformation which leaves the
angle between two vectors unchanged (see [71, 72; 56, p. 238]); if the scalar function
is constant the transformation is called homothetic (see [66]). It is well-known that
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under conformal transformations the Christoffel symbols change as follows:

Γ̄m
ij = Γm

ij + δm
j Xi + δm

i Xj − gijX
m, (43)

being Xi = ∇iσ a closed 1-form. It is a matter of fact that under a conformal
transformation the Weyl tensor remains unchanged (see [56, p. 241]), i.e.:

C̄m
jkl = Cm

jkl . (44)

We take a covariant derivative ∇̄ of the tensor C̄jklm obtaining after straight-
forward calculations recalling that we have C̄jklm = e2σCjklm (see [56, p. 241]
and [71]):

∇̄iCjklm = ∇iCjklm − 4XiCjklm −XjCiklm −XlCjkim −XmCjkli

+ gjiX
pCpklm + gkiX

pCjplm + gliX
pCjkpm + gmiX

pCjklp. (45)

Now three versions of the previous equation with cyclically permuted indices
i, j, k are written and summed up to obtain:

∇̄iCjklm + ∇̄jCkilm + ∇̄kCijlm = ∇iCjklm + ∇jCkilm + ∇kCijlm

− 2XiCjklm − 2XjCiklm − 2XkCjilm

+ gliX
pCjkpm + gljX

pCkipm

+ glkX
pCijpm + gmiX

pCjklp

+ gmjX
pCkilp + gmkX

pCijlp. (46)

We may thus state the following result.

Theorem 24. Let M be an n-dimensional pseudo-Riemannian manifold with
recurrent conformal curvature 2-form, i.e. DΩm

(C)l = X ∧ Ωm
(C)l being X closed. If

∇mC
m
jkl = 0 then a conformal change may be chosen such that ∇̄mC

m
jkl = 0.

Proof. Recalling that X is closed, take the conformal change such that Xi =
∇iσ. Now from the definition of recurrent conformal 2-form ∇iCjklm +∇jCkilm +
∇kCijlm = XiCjklm +XjCkilm +XkCijlm with the condition ∇mC

m
jkl = 0 recalling

Proposition 10 we have XiCjklm +XjCkilm +XkCijlm = 0 and thus XmCjklm = 0.
From Eq. (46) we infer simply ∇̄iCjklm + ∇̄jCkilm + ∇̄kCijlm = 0: contracting with
ḡim we get ∇̄mCjklm = 0.

4. Riemann- and Weyl-Compatible Tensors

In this section, we review the notions of Riemann- and Weyl-compatible tensors.
These notions were introduced by one of the present authors and deeply investigated
in [38–40]. Moreover applications of the extended Derdziński–Shen’s theorem [38]
to particular Weyl-compatible tensors give some interesting new results about the
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vanishing of particular scalars associated to the Weyl tensor. Moreover some new
useful theorems will be pointed out.

Definition 25. A symmetric tensor bkl is named Riemann-compatible (see [38, 39])
if it satisfies the following algebraic condition:

bimR
m
jkl + bjmR

m
kil + bkmR

m
ijl = 0. (47)

This definition arises naturally even on a manifold endowed with a symmetric
connection when considering the exterior covariant derivative of the vector-valued
1-form given by Bl = bkldx

k. A first covariant derivative brings:

DBl =
1
2
Θjkldx

j ∧ dxk, (48)

being Θjkl =: ∇jbkl −∇kbjl a (0, 3) tensor defined in [39] as the Codazzi deviation
tensor. The following statement is well-known in literature:

Theorem 26 (See [17, 39]). Let M be an n-dimensional manifold endowed with
a symmetric connection: then DBl = 0 if and only if bkl is a Codazzi tensor.

Whether DB �= 0 or not a further covariant derivative brings [40]:

D2Bl =
1

2 · 3!
∇iΘjklδ

ijk
rstdx

r ∧ dxs ∧ dxt. (49)

With standard algebraic manipulations the previous expressions may be written in
the form:

D2Bl =
1
2

∑
r<s<t

∇iΘjklδ
ijk
rstdx

r ∧ dxs ∧ dxt

=
∑

r<s<t

(∇rΘstl + ∇sΘtrl + ∇tΘrsl)dxr ∧ dxs ∧ dxt. (50)

Now the following identity links the Codazzi deviation tensor to the Riemann tensor
(see [39] and [40] for further details):

∇iΘjkl + ∇jΘkil + ∇kΘijl = bimR
m
jkl + bjmR

m
kil + bkmR

m
ijl. (51)

Thus the following result is easily inferred [40]:

Theorem 27. Let M be an n-dimensional manifold endowed with a symmetric
connection: then D2Bl = 0 if and only if bkl is Riemann-compatible.

On the other hand, the notion of Weyl compatibility obviously needs the pres-
ence of a pseudo-Riemannian metric and we suppose also ∇kgjl = 0. The next
theorem follows immediately from [39, Theorem 7.6] (see also [40]).

Theorem 28. Let M be an n-dimensional pseudo-Riemannian manifold. If a sym-
metric tensor bkl is Riemann-compatible then it is also Weyl-compatible, i.e. it sat-
isfies the condition:

bimC
m
jkl + bjmC

m
kil + bkmC

m
ijl = 0. (52)
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The existence of Weyl-compatible tensors poses strong restrictions on the struc-
ture of the Weyl tensor. The following extension of Derdziński and Shen’s theorem
was proved in [38] by one of the present authors (see also [45] for an alternative
proof).

Theorem 29 ([45]). Let M be an n-dimensional pseudo-Riemannian manifold
with a Weyl-compatible tensor bkl. If X,Y, Z are eigenvectors of b with eigenvalues
λ, µ, ν (i.e. bjiXj = λXi, b

j
iYj = µYi, b

j
iZj = νZi) then:

XjY kZ lCjklm = 0, ν �= λ, µ. (53)

It will be shown that the previous theorem may allow some particular scalars
associated to the Weyl tensor to vanish. A simple example of application of this
deep result is given in the following example.

Example 5. Consider the Weyl compatibility of the symmetric tensor:

bab = λ1(XaYb +XbYa) + λ2(ZaWb + ZbWa), (54)

being X,Y, Z,W four null vectors with the properties XaYa = 1, ZaWa = 1 while
all others scalar products vanish. It easy to see that the four vectors are eigenvectors
of bab, i.e.:

Xabab = λ1Xb,

Y abab = λ1Yb,

Zabab = λ2Zb,

W abab = λ2Wb.

If λ1 �= λ2 a simple consequence of the extended Derdziński–Shen theorem are
the following sets of relations:{

XaY bZcCabcd = 0,

XaY bW cCabcd = 0,

{
ZaW bCcCabcd = 0,

ZaW bCcCabcd = 0,

Thus the following sets of scalars vanish:

I



XaY bZcXdCabcd = 0,

XaY bZcY dCabcd = 0,

XaY bZcW dCabcd = 0,

II



XaY bW cXdCabcd = 0,

XaY bW cY dCabcd = 0,

XaY bW cZdCabcd = 0,

III



ZaW bY cXdCabcd = 0,

ZaW bY cZdCabcd = 0,

ZaW bY cW dCabcd = 0.

IV



ZaW bXcY dCabcd = 0,

ZaW bXcZdCabcd = 0,

ZaW bXcW dCabcd = 0.

(55)
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We have thus proven the following.

Theorem 30. Let M be an n-dimensional pseudo-Riemannian manifold. If the
tensor bab = λ1(XaYb + XbYa) + λ2(ZaWb + ZbWa) (with the properties XaYa =
1, ZaWa = 1 while all other scalar products vanish) is Weyl-compatible and λ1 �= λ2

then Eqs. (55) are fulfilled.

In view of Theorems 19 and 30, we may assert.

Corollary 31. Let M be an n-dimensional pseudo-Riemannian manifold with
recurrent conformal 2-form, i.e. with DΩm

(C)l = α ∧ Ωm
(C)l being α closed. If the

Ricci tensor (or the stress-energy tensor) is of the form Rab = λ1(XaYb +XbYa) +
λ2(ZaWb + ZbWa) with λ1 �= λ2 then Eqs. (55) are satisfied.

Remark 32 (See [67]). In Example 2 in Sec. 2 we have introduced an indefinite
complete complex hypersurface of index 2n in an indefinite complex Euclidean space
C2n+1

n of index 2n as follows:

z2n+1 =
∑

j
hj(zj + czj∗), hj(z) = zp,

where c is any complex number such that |c| ≥ 1. In such a case we have known that
the Ricci tensor is flat if |c| = 1. The complex hypersurface M of index 2n in C2n+1

n

of index 2n defined above is conformally recurrent. Here, we have known that its
conformal curvature tensor is coclosed, that is, harmonic ∇MCM

ABC = 0, which is
neither locally symmetric nor conformally flat if p≥ 3. From this, together with
Proposition 10, it follows that the hypersurface M has a closed recurrent conformal
2-form, that is, DΩm

(C)l = αΩm
(C)l = 0. Moreover, the recurrent parameter 1-form is

coclosed, that is, ∇iαj = ∇jαi. This gives an example of Theorem 40 in Sec. 5.

On four-dimensional Lorentzian manifold a stress-energy tensor of the form (54)
is typical of a non-null Maxwell field (see [66, p. 62]).

Some other properties involving particular classes of Weyl-compatible tensors
may be pointed out without directly using Derdziński–Shen’s theorem: they are
based only on the definition of Weyl compatibility. Let us consider for example the
following one:

bkl = λXkXl, (56)

where we suppose that XkXk = 0. Weyl’s compatibility reads in full:

XiX
mCjklm +XjX

mCm
kil +XkX

mCm
ijl = 0. (57)

Now consider a vector Y orthogonal toX , i.e.XkYk = 0; the previous expression
is thus multiplied by X iY jY l to get easily:

Xk(X iXjY lXmCijlm) = 0, (58)

from which the following scalar vanishes:

X iY jXmY lCijlm = 0. (59)
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On the other hand transvecting Eq. (57) with X iY jZ l being Z any other arbi-
trary vector it is inferred:

Xk(X iY jZ lXmCijlm) = 0, (60)

from which the following scalar vanishes

X iY jXmZ lCijlm = 0. (61)

We have just proven the following.

Theorem 33. Let M be an n-dimensional pseudo-Riemannian manifold. If the
symmetric tensor bkl = λXkXl (with XkXk = 0) results to be Weyl-compatible then
X iY jXmY lCijlm = 0 and X iXjXmZ lCijlm = 0 for any vector Y orthogonal to X
and for any other vector Z.

In view of Theorems 19 and 33, we may assert.

Corollary 34. Let M be an n-dimensional pseudo-Riemannian manifold with
recurrent conformal 2-form, i.e. with DΩm

(C)l = α∧Ωm
(C)l being α closed. If the Ricci

tensor (or the stress-energy tensor) is of the form Rkl = λXkXl (with XkXk = 0)
then X iY jXmY lCijlm = 0 and X iY jXmZ lCijlm = 0 for any vector Y orthogonal to
X and for any other vector Z.

Remark 35. On a four-dimensional Lorentzian manifold a stress-energy tensor of
the form (56) is typical of a null Maxwell field or a pure dust field (see [66, p. 61]);
in particular a Ricci tensor of the form bkl = λXkXl in (56) emerges from a pp-wave
metric (see [27, Eq. (8.11)] and Sec. 6).

On a four-dimensional Lorentzian manifold a stress-energy tensor of the form
(56) is typical of a null Maxwell field or of a pure dust field (see [66, p. 61]).

Now we stress other consequences of Weyl compatibility. Let us consider a sym-
metric Weyl-compatible (0, 2) tensor written as follows:

bkl = λlXkXl + λ2YkYl, (62)

where XkXk = 1, YkY
k = 1, XkYk = 0. Let Zk be a vector belonging to the null

space of b, i.e. Zkbkl = 0. In this case Derdziński–Shen theorem gives:

XmY lZkCjklm = 0, (63)

if the condition λ1, λ2 �= 0 is satisfied. Another useful consequence is obtained if
the condition of Weyl compatibility is written in full:

λ1XiXmC
m
jkl + λ1XjXmC

m
kil + λ1XkXmC

m
ijl

+λ2YiYmC
m
jkl + λ2YjYmC

m
kil + λ2YkYmC

m
ijl = 0. (64)

The previous expression (64) is thus multiplied by Y l to give:

XiX
mY lCjklm +XjX

mY lCkilm +XkX
mY lCijlm = 0. (65)
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On the other hand on transvecting (64) with X l brings:

YiY
mX lCjklm + YjY

mX lCkilm + YkY
mX lCijlm = 0. (66)

Now (65) is multiplied by Y i recalling that XkYk = 0; we thus infer that:

XjX
mY lY iCikml −XkX

mY lY iCijml = 0. (67)

Define the (0, 2) symmetric tensor Dkm = CimklY
iY l; then:

XjX
mDkm = XkX

mDjm. (68)

Thus XmDkm = Xk(XmXjDjm), and X turns out to be an eigenvector of the
symmetric tensor D. On an n = 4 Lorentzian manifold and if Y is time-like, D
identifies with the electric part of the Weyl tensor (see [4] and Sec. 6).

Theorem 36. Let M be an n-dimensional pseudo-Riemannian manifold. If the
symmetric tensor bkl = λ1XkXl + λ2YkYl results to be Weyl-compatible, then X

turns out to be an eigenvector of the symmetric tensor Dkm = CimklY
iY l. Moreover

if M is a four-dimensional Lorentzian manifold and if Y is time-like, then X turns
out to be an eigenvector of the electric part of the Weyl tensor.

Consider now the same Weyl-compatible tensor (62) with the propertiesXkXk =
0, YkY

k = 0, XkYk = 1. In this case, Eq. (65) is multiplied by X iY jZk being
ZkXk = 0 to give easily:

X iZkXmY lCkilm = 0. (69)

On the other hand on multiplying Eq. (66) by Y iXjZk being ZkYk = 0 it is inferred
that

Y mX lZkY iCkilm = 0. (70)

Thus, the following result holds:

Theorem 37. Let M be an n-dimensional pseudo-Riemannian manifold. If the
symmetric tensor bkl = λ1XkXl + λ2YkYl, is Weyl-compatible (being XkXk = 0,
YkY

k = 0, XkYk = 1), then X iZkXmY lCkilm = 0 and Y mX lZkY iCkilm = 0 for
any vector Z being orthogonal both to X and Y.

In view of Theorems 19 and 37, we may assert.

Corollary 38. Let M be an n-dimensional pseudo-Riemannian manifold with
recurrent conformal 2-form, i.e. with DΩm

(C)l = α ∧ Ωm
(C)l being α closed. If the

Ricci tensor (or the stress-energy tensor) is of the form Rkl = λ1XkXl + λ2YkYl

(being XkXk = 0, YkY
k = 0, XkYk = 1) then X iZkXmY lCkilm = 0 and

Y mX lZkY iCkilm = 0 for any vector Z being orthogonal both to vector fields X

and Y on M.
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5. Recurrent Conformal 2-Forms and Pontryagin Forms

In this section, we prove some topological properties of n-dimensional pseudo-
Riemannian manifolds equipped with recurrent conformal 2-form. First, we need
some background material about Pontryagin forms. Consider the following 4k forms
ωk on an orthonormal basis of tangent vectors built with the Riemann tensor
[16, 49, 39]:

ω1(X1 · · ·X4) = Rb
ijaR

a
klb(X

i
1 ∧Xj

2)(Xk
3 ∧X l

4),

ω2(X1 · · ·X8) = Rb
ijaR

c
klbR

d
mncR

a
pqd(X i

1 ∧Xj
2) · · · (Xp

7 ∧Xq
8 ). (71)

...

The Pontryagin forms (see [49, 39] and also [56, pp. 317–318]) Pk result from total
antisymmetrization of ωk : Pk(X1 · · ·X4k) =

∑
p(−1)pωk(X1 · · ·X4k) where P is

the permutation taking (1 · · · 4k) to (i1 · · · i4k).
In [16] the authors considered compact manifolds admitting indefinite metrics

with ∇iC
m
jkl = 0: they showed that in such case all the Pontryagin forms vanish.

We consider here first the topological consequences originating from a recurrent
conformal 2-form with harmonic conformal curvature tensor, i.e. with ∇mC

m
jkl = 0:

from Proposition 10 and Lemma 11 we have thus Ck
lmjC

j
pqk = 0. Now as shown

by Avez [2] (see also [16]) in the definition of the forms ωk one may replace the
Riemann curvature tensor with the conformal curvature tensor, i.e. for example:

ω1(X1 · · ·X4) = Cb
ijaC

a
klb(X

i
1 ∧Xj

2)(Xk
3 ∧X l

4). (72)

In the case of recurrent conformal 2-forms with harmonic conformal curvature
tensor it is thus ω1 = 0 and the following theorem is stated.

Theorem 39. Let M be an n-dimensional pseudo-Riemannian manifold with
recurrent conformal 2-form, i.e. with DΩm

(C)l = α ∧ Ωm
(C)l: if ∇mC

m
jkl = 0 the first

Pontryagin form vanishes, i.e. P1 = 0.

Let us now consider a compact orientable four-dimensional pseudo-Riemannian
manifold. The vanishing of the first Pontryagin form has a deep topological conse-
quence. In fact the Hirzebruch’s signature theorem (see [31] and [56, pp. 229–230])
can be written as follows:

3τ(M) =
∫

M

P1. (73)

In the previous expression τ(M) is the Hirzebruch’s signature: it is a topologi-
cal invariant that coincides with the usual topological signature. We conclude the
following theorem.

Theorem 40. Let M be a compact orientable n-dimensional pseudo-Riemannian
manifold with recurrent conformal 2-form, i.e. with DΩm

(C)l =α∧Ωm
(C)l: if ∇mC

m
jkl =

0 the Hirzebruch’s signature is null.
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Further in [39] the authors pointed out that in the Riemannian case the R-
compatibility of a real symmetric tensor bkl equipped with n distinct eigenvalues
implies all the Pontryagin forms to vanish ([39, Theorem 5.3]). We recall that in the
pseudo-Riemannian case (or in the Lorentzian case) the eigenvectors and the eigen-
values are often complex (see [63] or Hall [27, p. 202]). We take into consideration
a symmetric R-compatible tensor bkl that may be written in the form:

bkl = λ1Xk(1)Xl(1) + λ2Xk(2)Xl(2) + · · · + λnXk(n)Xl(n), (74)

where Xj(a)Xj(b) = εδab is an orthonormal basis of the pseudo-Riemannian mani-
fold and λ1 �= λ2 �= · · · �= λn. In view of the generalized Derdziński–Shen’s theorem
[39] it is:

Rkl
ijX(a)i ∧X(b)jX(c)k = 0, a �= b �= c. (75)

It follows that all column vector of the matrix M(a, b)kl = Rkl
ijX(a)i ∧ X(b) are

orthogonal to X(c), i.e. they belong to the subspace spanned by X(a) and X(b).
Because of the antisymmetry of indices k, l, it is M(a, b)kl = λabX(a)i ∧X(b) and
thus it is inferred that:

Rkl
ijX(a)i ∧X(b)j = λabX(a)k ∧X(b)l. (76)

Now, it is easy to see that the generic Pontryagin form vanishes: for example
we have:

ω1(X1 · · ·X4) = Rb
ijaR

a
klb(X

i
1 ∧Xj

2)(Xk
3 ∧X l

4)

= λ12λ34(Xa
1 ∧X2b)(X3a ∧Xb

4)

= 0

and so on. It is thus proven that the following statement holds.

Theorem 41. Let M be an n-dimensional pseudo-Riemannian manifold with a
symmetric Riemann-compatible tensor bkl of the form (74) with n distinct eigen-
values: then all Pontryagin form vanish.

Moreover considering Hirzebruch’s signature theorem we may prove, in four
dimensions.

Corollary 42. Let M be a four-dimensional compact orientable pseudo-Rieman-
nian manifold with a symmetric Riemann-compatible tensor bkl of the form (74)
with four distinct eigenvalues: then the Hirzebruch’s signature vanishes.

Remark 43. As an example for the previous Corollary 42 we may choose a (0, 2)
symmetric Codazzi tensor ∇kbjl = ∇jbkl [17] with four distinct eigenvalues: in this
case such tensor is Riemann- and Weyl-compatible and the Hirzebruch’s signature
vanishes.
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6. Recurrent Conformal 2-Forms on Lorentzian Manifolds

In this section, we study the properties of recurrent conformal 2-forms on Lorentzian
manifolds (space-times). Previous theorems stated on a pseudo-Riemannian man-
ifold of arbitrary signature are then interpreted in the light of the classification
of space-times in four or in higher dimensions. In particular the applications of
extended Derdziński–Shen theorem and the consequence of Weyl’s compatibility
offer the backbone for the vanishing of some scalars involving the Weyl tensor. This
gives rise to some constrictions on the Petrov types of such space-times.

We begin with a review of Petrov classification of four-dimensional space-times
(see [27, 54, 55, 66]). This is the algebraic classification of the dual part of the Weyl
tensor in terms of its eigenvalues and eigenvectors (see [27, 66]). It turns out that
the eigenvalues of the Weyl tensor satisfy a fourth-order equation. The eigenvalue
multiplicity classifies five different types of space-times. Thus for Petrov type I

space-time the quartic roots are all distinct, for type II one double root is present,
for type D there are two double roots, for type III one triple root is found, and
finally for type N there is a four-fold root.

The completely degenerate case of conformally flat space-time forms the sixth
type (named O). To be more concrete on a four-dimensional Lorentzian manifold (a
manifold with metric signature +2) let us consider the null tetrad given by k, l,m, m̄
being k and l two real null vectors and m, m̄ two complex conjugate null vectors
such that kala = −1,mam̄a = 1 and all remaining scalar products vanishing. The
following bivectors are then defined:

Uab = −lam̄b + lbm̄a,

Vab = kamb − kbma,

Wab = mam̄b −mbm̄a − kalb + kbla.

(77)

Then the Weyl tensor may be expanded as follows (see [66, p. 38] or [27, p. 191]):

Cabcd = ψ0UabUcd + ψ1(UabWcd +WabUcd)

+ψ2(VabUcd + UabVcd +WabWcd)

+ψ3(VabWcd +WabVcd) + ψ4VabVcd. (78)

In this expression the five complex coefficients ψ0, ψ1, ψ2, ψ3, ψ4 are named
Weyl’s scalars [65, 66]. One obtains:

ψ0 = Cabcdk
ambkcmd,

ψ1 = Cabcdk
albkcmd,

ψ3 = Cabcdk
albm̄cld,

ψ4 = Cabcdm̄
albm̄cld,

ψ2 = Cabcdk
ambm̄cld.

(79)
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Thus it turns out that for Petrov type I it is ψ0 = 0, for Petrov type II or D it is
ψ0 = ψ1 = 0, for Petrov type III we have ψ0 = ψ1 = ψ2 = 0, for Petrov type N it
is ψ0 = ψ1 = ψ2 = ψ3 = 0 and finally for Petrov type O all Weyl’s scalar vanish
(see [65, Table 32.1, p. 276]).

Hereafter let M be a four-dimensional Lorentzian manifold on which the con-
formal 2-form is recurrent with closed recurrence parameter: from Theorem 19 any
stress-energy tensor Tab results to be Weyl-compatible. Choose Tab = Φ2kakb where
Φ is a complex function: it represents the stress-energy tensor of a pure dust model
(see [66, p. 61]) or a null radiation field. In view of Theorem 33 and Corollary 34
choosing X = k, Y = m, Z = l we have thus kambkcmdCabcd = ψ0 = 0 and
kalbkcmdCabcd = ψ1 = 0. We have thus proved the following.

Theorem 44. Let M be a four-dimensional Lorentzian manifold endowed with a
recurrent conformal 2-form, i.e. with DΩm

(C)l = α ∧ Ωm
(C)l being α closed. If the

stress-energy tensor is of null dust type, i.e. Tab = Φ2kakb, then the Weyl ’s scalars
ψ0 and ψ1 vanish and the Petrov types of such space-time is II or D.

Consider now a stress-energy tensor Tab of the form given in Example 2:

Tab = λ1(kalb + kbla) + λ2(mam̄b +mbm̄a). (80)

We have simply kaTab = −λ1kb, l
aTab = −λ1lb, maTab = λ2mb, m̄aTab = λ2m̄b

and thus in view of Theorem 30 and Corollary 31 if in this case λ1 �= −λ2 we have
for example kalbmckdCabcd = ψ1 = 0 and kalbm̄cldCabcd = ψ3 = 0. We may state
the following.

Theorem 45. Let M be a four-dimensional Lorentzian manifold endowed with a
recurrent conformal 2-form, i.e. with DΩm

(C)l = α ∧ Ωm
(C)l being α closed. If the

stress-energy tensor is of the form Tab = λ1(kalb + kbla) + λ2(mam̄b +mbm̄a) with
λ1 �= −λ2 then the Weyl ’s scalars ψ1 and ψ3 vanish.

We here note that the stress-energy tensor of a non-null electromagnetic field
may be written in the form (see [66, p. 62])

Tab = 2Φ1Φ2(kalb + kbla +mam̄b +mbm̄a)

and the hypothesis of the previous theorem are satisfied.
An equivalent classification of four-dimensional Lorentzian manifolds arises from

Bel and Debever criteria (see [3, 12]) which are based on null vectors k satisfying
increasingly restricted conditions as follows:

(a) type I k[bCa]rs[qkn]k
rks = 0,

(b) type II , D k[bCa]rsqk
rks = 0,

(c) type III k[bCa]rsqk
r = 0,

(d) typeN Carsqk
r = 0,

(e) typeO Carsq = 0.

(81)
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When k satisfies condition (b) the Weyl tensor is named algebraically special
(see [62, 65, 66]).

Consider now a four-dimensional Lorentzian manifold endowed with a recurrent
conformal 2-form satisfying the further condition ∇mC

m
jkl = 0: in view of Proposi-

tion 10 we have αiC
m
jkl + αjC

m
kil + αkC

m
ijl = 0 and thus αmC

m
jkl = 0 being α a null

vector. Choosing k = α in the null tetrad formalism we obtain a type N space-time.
We may state the following.

Theorem 46. Let M be a four-dimensional Lorentzian manifold endowed with a
recurrent conformal 2-form, i.e. with DΩm

(C)l = α∧Ωm
(C)l. If the condition ∇mC

m
jkl =

0 is fulfilled then the space-time is of Petrov type N with respect to the null vector
α.

Remark 47. A space-time admitting a covariantly constant null vector field k, i.e.
∇bka = 0 is named plane-fronted gravitational waves with parallel rays (pp-waves)
(see [27, p. 248] and [66, pp. 383–384]). A metric of the form ([27, Eq. (8.11)])

ds2 = H(x, y, u)du2 + 2dudv + dx2 + dy2,

satisfies this condition: these space-times are either of Petrov type N or conformally
flat; moreover the pp-waves are complex recurrent with closed recurrence parameter
and thus satisfy Eq. (25) and the conformal 2-form results to be recurrent. The Ricci
tensor satisfies ([27, Eq. (8.12)]):

Rab =
(
∂2H

∂x2
+
∂2H

∂y2

)
kakb,

being ka = ∇au results to be Weyl-compatible. This gives an example of a space-
time of the Petrov type N which satisfies (2.18).

On a four-dimensional Lorentzian manifold it is possible to define the electric
and magnetic part of the Weyl tensor (see [4, 66]). Precisely given a time-like
velocity vector ui (i.e. uiu

i = −1) the following (0, 2) tensors are defined:

Ekl = ujumCjklm ,

Hkl =
1
4
ujum(εαβjkC

αβ
lm + εαβjlC

αβ
km),

(82)

where εijkl is the completely skew-symmetric Levi-Civita symbol. The tensor Ekl

is named electric part of the Weyl tensor, while the tensor Hkl is named magnetic
part of the Weyl tensor; elementary properties are found to be [4]:

gklEkl = gklHkl = 0,

ukEkl = ukHkl = 0.

Moreover, the Weyl tensor is uniquely decomposed in its electric and magnetic
parts. In [4] it was specified that Eq. (82) is valid also in the case uiu

i = 1. A
fundamental property of the magnetic part of the Weyl tensor satisfying condition
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(30) was stated: we stress it again for completeness. We focus on stress-energy
tensors of the perfect fluid form Tkl = aukul + bgkl (see [66, p. 61]) with normalized
covectors uj: in this case such covector permits the decomposition of the Weyl
tensor. Equation (40) takes the form:

uiumCjk
lm + ujumCki

lm + ukumCij
lm = 0. (83)

The previous equation is thus multiplied by εijkp to get:

εijkpu
iumCjk

lm + εijkpu
jumCki

lm + εijkpu
kumCij

lm = 0.

Recalling the skew-symmetric properties of the Levi-Civita symbol we simply
have:

εijkpu
iumCjk

lm = εkijpu
kumCij

lm = εijkpu
kumCij

lm,

εijkpu
jumCki

lm = εjkipu
jumCki

lm = εijkpu
kumCij

lm.

Thus we infer that 3εijkpu
kumCij

lm = 0 and so the magnetic part of the Weyl tensor
vanishes.

Theorem 48. Let M be a space-time manifold having a Weyl-compatible stress-
energy tensor of the perfect fluid form Tkl = aukul + bgkl. Then the magnetic part
of the Weyl tensor vanishes.

Remark 49. Gödel solution of Einstein’s equation ([26]) is known to be:

ds2 = a2

(
−(dx1)2 +

1
2
e2x1

(dx2)2 − (dx3)2 + (dx4)2 + 2e2x1
dx2dx4

)
,

where a2 = 1
ω2 , ω is a non-null real constant. In [21] the authors pointed out several

curvature properties of Gödel space-time: among others they proved ([21, Eq. (19)
and Theorem 2]) that the Ricci tensor of Gödel space-time is Riemann- and Weyl-
compatible, and results to be of rank 1, namely Rkl = κωkωl being κ = 1

a2 and ωj

the 1-form defined as ω = (0, aex1
, 0, a). Moreover, the form ωj is Riemann- and

Weyl-compatible (see [40]). We have then ωiωmC
m
jkl + ωjωmC

m
kil + ωkωmC

m
kil = 0

and the Gödel space-time results to be purely electric.

Space-times in which Hkl = 0 are named purely electric (see [4, 66]) space-
times, while the condition Ekl = 0 defines purely magnetic space-times [4, 66]. It is
well-known that purely electric space-times are of Petrov type I, D or O [66]. We
have thus the following theorem.

Theorem 50. Let M be a four-dimensional Lorentzian manifold endowed with a
recurrent conformal 2-form, i.e. with DΩm

(C)l = α ∧ Ωm
(C)l being α closed. If the

stress-energy tensor of the perfect fluid form Tkl = aukul + bgkl then Hkl = 0 and
the Petrov types are I or D.

Hereafter we investigate n-dimensional Lorentzian manifolds on which the
conformal curvature 2-form is recurrent. The Bel–Debever classification was
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recently extended to the n-dimensional case by some authors and it is exposed
in several references such as [7, 8, 30, 48, 51]. Here, we refer to the classification
given in [51, Table 1]. The supplementary condition ∇mC

m
jkl = 0 gives again

αiC
m
jkl + αjC

m
kil + αkC

m
ijl = 0: in this case this matches with the n-dimensional

space-time of type N (see [51, Table 1]). We have inferred the following result.

Theorem 51. Let M be an n-dimensional Lorentzian manifold endowed with a
recurrent conformal 2-form, i.e. with DΩm

(C)l = α∧Ωm
(C)l. If the condition ∇mC

m
jkl =

0 is fulfilled then the space-time is of Petrov type N with respect to the null vector α.

Again consider an n-dimensional Lorentzian manifold endowed with recurrent
conformal 2-form and with the stress-energy tensor of a pure dust model, i.e. Tab =
Φ2kakb; the Weyl compatibility condition reads:

kak
mCbclm + kbk

mCcalm + kck
mCablm = 0. (84)

It is readily seen that this condition matches with type II d space-time of [51,
Table 1]. We have thus the following theorem.

Theorem 52. Let M be an n-dimensional Lorentzian manifold endowed with a
recurrent conformal 2-form, i.e. with DΩm

(C)l = α ∧ Ωm
(C)l being α closed. If the

stress-energy tensor is of null dust type, i.e. Tab = Φ2kakb, then the Weyl tensor is
of type II d with respect to k.

In [30] the notions of purely electric and purely magnetic Weyl tensor was
extended to n-dimensional Lorentzian manifolds. In particular it was stated (see
[30], Proposition 3.5) that the Weyl tensor is purely electric with respect to the
time-like vector u if and only if Eq. (83) holds. Thus the results of Theorem 50 are
readily extended to n-dimensional Lorentzian manifolds.
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