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0. Introduction

In the geometry of real hypersurfaces in complex space forms M,,;(c) or in quaternionic space forms Q;;,(c) Okumura [1],
Kimura [2], Montiel and Romero [3] (resp. Martinez and Pérez [4]) considered real hypersurfaces in M, (c) (resp. in Qy,(c))
with commuting shape operator, that is, Ap = ¢A, or commuting Ricci tensor, S¢ = ¢S, where S and ¢ (resp. A and ¢;)
denote the Ricci tensor and the structure tensor of real hypersurfaces in My, (c) (resp. in Q,(c)).

In a quaternionic projective space QP™ Pérez and Suh [5] have classified real hypersurfaces in QP™ with commuting Ricci
tensor S¢p; = ¢;S,1 = 1, 2, 3, where S (resp. ¢;) denotes the Ricci tensor (resp. the structure tensor) of M in QP™, is locally
congruent to Ay, A,-type, that is, a tube over QP* with radius 0 < r < % k € {0, ..., m — 1}. The almost contact structure
vector fields {&1, &;, &3} are defined by & = —J;N,i = 1, 2, 3, where J;,i = 1, 2, 3, denote a quaternionic Kdhler structure of
QP™ and N a unit normal field of M in QP™. Moreover, Pérez and Suh [6] have considered the notionof V4R = 0,i =1, 2, 3,
where R denotes the curvature tensor of a real hypersurface M in QP™, and proved that M is locally congruent to a tube of
radius Z over QP.

In paper [7] the author considered a real hypersurface M in complex two-plane Grassmannians G, (C™*?) with commut-
ing Ricci tensor, S¢ = ¢S, where S and ¢ denote the Ricci tensor and the structure tensor of M in G,(C™*2), respectively.
The curvature tensor R(X, Y)Z of M in G,(C™*2) can be derived from the curvature tensor R(X, Y)Z of complex two-plane
Grassmannians G,(C™*?) for any vector fields X, Y and Z on M. Then by contraction and using the geometric structure
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Ili =JiJ,i =1, 2, 3 between the Kdhler structure J and the quaternionic Kdhler structure J;, i = 1, 2, 3, we can derive the
Ricci tensor S given by (see Section 3)

4m—1
g(SX, V) = > g(R(e, X)Y, e),
i=1

where {eq, ..., esn_1} denotes a basis of the tangent space T,M of M, x € M, in G,(C™*?),

When the Ricci tensor S and the structure tensor ¢ commutes like S¢ = —¢S, the Ricci tensor is said to be anti-
commuting. Motivated by such a notion of anti-commuting, we consider a new notion so called pseudo-anti commuting
Ricci tensor if the Ricci tensor satisfies the formula

S¢ + ¢S = 2k¢, Kk = const.

It is known that Einstein, pseudo-Einstein real hypersurfaces in the sense of Kon [8], Cecil and Ryan [9], real hypersurfaces
of type (B), which is a tube over a totally real totally geodesic real projective space RH", m = 2n, in My,(c) satisfy the
formula (see Yano and Kon [10]). Moreover, it can be easily checked that Einstein hypersurfaces and some special kind of
pseudo Einstein hypersurfaces in G, (C™+?), and hypersurfaces of type (B), which is a tube over a totally real totally geodesic
quaternionic projective space QH", m = 2n in G,(C™*?) satisfy this formula (see Berndt and Suh [11], Pérez, Suh and
Watanabe [12]).

On the other hand, the ambient space G,(C™"2) is known to be the unique compact irreducible Riemannian symmetric
space equipped with both a Kdhler structure J and a quaternionic Kihler structure J not containing J (see Berndt and
Suh [11], [13]). So, in G5(C™*?) we have two natural geometrical conditions for real hypersurfaces that [£] = Span {£}
or ®1 = Span {&;, &, &;} is invariant under the shape operator. By using such kinds of geometric conditions and the result
in Alekseevskii [ 14], Berndt and Suh [11] have proved the following.

Theorem A. Let M be a connected real hypersurface in Go(C™%), m > 3. Then both [£] and D+ are invariant under the shape
operator of M if and only if

(A) M is an open part of a tube around a totally geodesic G,(C™1) in G,(C™2), or
(B) m s even, say m = 2n, and M is an open part of a tube around a totally geodesic QP" in G,(C™*2).

When the structure vector field £ of M in G, (C™*?) is invariant by the shape operator A, M is said to be a Hopf hypersurface.
In such a case the integral curves of the structure vector field £ are geodesics (see Berndt and Suh [13]). The flow generated
by the integral curves of the structure vector field £ for Hopf hypersurfaces in G,(C™2) is said to be a geodesic Reeb flow.

On the other hand, we say that the Reeb vector field is Killing, that is, £zg = 0 for the Lie derivative along the direction
of the structure vector field &, which gives a characterization of real hypersurfaces of type (A) in Theorem A.

When the Ricci tensor S of M in G,(C™?) satisfies the formula S¢ + ¢S = 2k¢, k = const, we say that M has a pseudo
anti-commuting Ricci tensor.

In the proof of Theorem A we have proved that the one-dimensional distribution [£] belongs to either the 3-dimensional
distribution ©* or to the orthogonal complement ® such that T,M = © @©=. The case (A) in Theorem A is just the case that
the one dimensional distribution [£] belongs to the distribution ©. Of course they satisfy that the Reeb vector £ is Killing,
that is, the structure tensor ¢ commutes with the shape operator A.

Recently, we have known that a solution of the Ricci flow equation %g(t) = —2Ric(g(t)), is given by

%(ﬂsg)(X, Y) + Ric(X, Y) = kg(X, Y),

where k is a constant and £ denotes the Lie derivative along the direction of the Reeb vector field &. Then the solution is
said to be a Ricci soliton, and surprisingly, it satisfies the pseudo-anti commuting condition S¢p + ¢S = 2k¢.

In this paper we consider such a converse problem and want to give a complete classification of real hypersurfaces in
G,(C™+?) satisfying S¢ + ¢S = 2ke. In order to do this, first we assert the following theorem.

Theorem 1. Let M be a Hopf hypersurface in G,(C™2) with pseudo anti-commuting Ricci tensor, m > 3. Then we have one of
the following

(i) k=4m+ 2+ %(h — ) for & € D, where = g(A&, &) and h denotes the mean curvature of M.
(ii) M is locally congruent to a tube of radius r over a totally geodesic and totally real quaternionic projective space QP™ in
Go(C™2) for £ € ®.

When the constant k is equal to 4m + 2 + 3 (h — «), we will show that a nice geometric and cosmological structure

could be given for hypersurfaces in G,(C™+?) satisfying certain condition. In order to do this, let us recall an n-dimensional
Riemannian manifold (M, g) is said to be a Ricci soliton if there exists a smooth vector field V € TyM, x € M that satisfies
forany X,Y € TM

%(Svg)(X, Y) + Ric(X,Y) = kg(X,Y),
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where £y g denotes the Lie derivative of g with respect to the vector field V and k a constant (see Chow et al. [15]). We will
denote the Ricci soliton by (M, g, V, k) and call the vector field V as the potential vector field of the Ricci soliton. A Ricci
soliton (M, g, V, k) is said to be a stable, expanding or shrinking according tok = 0, k < Oor k > 0.

When the potential vector field V of the Ricci soliton (M, g, V, k) is a Killing vector field, M becomes an Einstein manifold.
It is known that the Ricci tensor S of an Einstein hypersurface M in G,(C™*?) is given by S = ag for a constant g, that is,
Ric(X,Y) = ag(X, Y) forany X and Y on M and a Riemannian metric g defined on M. Naturally the Ricci tensor S commutes
with the structure tensor ¢, that is, S¢ = ¢S. So by virtue of a theorem due to the author [7] it becomes a hypersurfaces
of type (A) in G,(C™*2). But by Proposition B in Section 5 it can be easily checked that any tubes of radius r over a totally
geodesic G, (C™) in G,(C™*?) cannot be Einstein (see [12]). This means that among real hypersurfaces of type (A) there
do not exist any Ricci solitons in G, (C™*2) with the Killing potential vector field.

But, besides of this one, we can also assert that there do not exist any Ricci soliton on real hypersurfaces of type B men-
tioned (ii) in Theorem 1. Then as an application of Theorem 1 in the direction of Math. Physics, we give another theorem as
follows:

Theorem 2. Let M be a Hopf real hypersurface in G,(C™*2), m > 3 with potential Reeb field & and Ricci soliton constant k. Then
k = 4(m + 1) > 0 and the Ricci soliton (M, g, &, k) becomes a shrinking Ricci soliton.

By Theorem 2 and using the result given in Chow and etc. (see p. 7 in [15]), we know that any shrinking Ricci soliton on
a closed n-manifold has positive curvature. Then as another geometric result from such a topological point of a view, by
Theorem 2 we assert the following.

Corollary. Let M be a closed Hopf real hypersurface in G,(C™2), m > 3 with potential Reeb field & and Ricci soliton constant k.
Then the Ricci soliton (M, g, &, k) has a positive scalar curvature.

In Section 2 we recall Riemannian geometry of complex two-plane Grassmannians G,(C™*2) and in Section 3 we will
show some fundamental properties of real hypersurfaces in G, (C™+2). The formula for the Ricci tensor S and its covariant
derivative VS will be shown explicitly in this section. In Sections 4 and 5 we will give a complete proof of our Theorem 1
according to the geodesic Reeb flow satisfying £ € D or the geodesic Reeb flow satisfying £ € ©. Finally, in Section 6 we
introduce the notion of Ricci soliton given by Chow et al. [ 15] and make its applications to real hypersurfaces in G, (C™*?) and
prove our Theorem 2. Moreover, related to the pseudo-anti commuting, we will give some remarks about proper pseudo-
Einsteinz, Lie & invariant and harmonic curvature, and finally non existence of Ricci soliton on ruled real hypersurfaces in
G, (C™+2),

1. Riemannian geometry of G, (C™+?)

In this section we summarize basic material about G, (C™*?2), for details we refer to [11,13,16,7,17,17]. By Go(C™*?) we
denote the set of all complex two-dimensional linear subspaces in C"™*+2, The special unitary group G = SU(m + 2) acts
transitively on G, (C™?) with stabilizer isomorphic to K = S(U(2) x U(m)) C G.Then G,(C™"?) can be identified with the
homogeneous space G/K, which we equip with the unique analytic structure for which the natural action of G on G, (C™+2)
becomes analytic. Denote by g and ¢ the Lie algebra of G and K, respectively, and by m the orthogonal complement of ¢ in g
with respect to the Cartan-Killing form B of g. Then g = £ @ m is an Ad(K)-invariant reductive decomposition of g. We put
0 = eK and identify T,G,(C™"?) with m in the usual manner. Since B is negative definite on g, its negative restricted to m x m
yields a positive definite inner product on m. By Ad(K)-invariance of B this inner product can be extended to a G-invariant Rie-
mannian metric g on G, (C™*2). In this way G,(C™*?) becomes a Riemannian homogeneous space, even a Riemannian sym-
metric space. For computational reasons we normalize g such that the maximal sectional curvature of (G, (C™?), g) is eight.

The Lie algebra ¢ has the direct sum decomposition ¢ = su(m) @ su(2) @ R, where R is the center of £ Viewing ¢ as the
holonomy algebra of G, (C™*2), the center 9% induces a Kihler structure J and the su(2)-part a quaternionic Kihler structure J
on G, (C™2). If J; is any almost Hermitian structure in J, then JJ; = J;J, and JJ; is a symmetric endomorphism with (JJ;)? = I
and tr(JJ;) = 0. This fact will be used in next sections.

A canonical local basis J1, J», J3 of J consists of three local almost Hermitian structures J, in J such that J,J,41 = Juo =
—Jy+1Jv, where the index is taken module three. Since J is parallel with respect to the Riemannian connection V of
(G5 (C™*2), g), there exist for any canonical local basis J;, |, J5 of J three local one-forms g, g5, g3 such that

Vo = Qui2(X]ut1 — Qo1 X2 (1.1)

for all vector fields X on G, (C™?).

Letp € Go(C™2) and W a subspace of T,G,(C™"2). We say that W is a quaternionic subspace of T,G,(C™?) if W C W
for allJ € J,. And we say that W is a totally complex subspace of T,G, (C™*+2) if there exists a one-dimensional subspace
0 of J, such that JW C W forallJ] € Uand JW L W forall] € bigle Jp- Here, the orthogonal complement of U in J, is
taken with respect to the bundle metric and orientation on J for which any local oriented orthonormal frame field of J is
a canonical local basis of J. A quaternionic (resp. totally complex) submanifold of G,(C™*?) is a submanifold all of whose
tangent spaces are quaternionic (resp. totally complex) subspaces of the corresponding tangent spaces of G, (C™*2).
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The Riemannian curvature tensor R of G, (C™*2) is locally given by
RX.Y)Z = g(Y.2)X — g(X. 2)Y +g(Y. 2)]X — g(X. 2)]Y — 2g(X.Y))Z

3 3
+ Y AgUY. DX — gUuX, 2)LY — 280X, VILZ) + Y gy, DJJX — 20X, D)LY}, (1.2)

v=1 v=1

where J1, J», J3 is any canonical local basis of J.
2. Some fundamental formulas

In this section we derive some fundamental formulas which will be used in the proof of our main theorem. Let M be areal
hypersurface in G,(C™?), that is, a submanifold in G, (C™*2) with real codimension one. The induced Riemannian metric
on M will also be denoted by g, and V denotes the Riemannian connection of (M, g). Let N be a local unit normal field of M
and A the shape operator of M with respect to N.

The Kahler structure J of G, (C™2) induces on M an almost contact metric structure (¢, £, i, g). Furthermore, letJ;, |5, J5
be a canonical local basis of J. Then each J, induces an almost contact metric structure (¢, &, 1., &) on M. Using the above
expression (1.2) for the curvature tensor R, the Gauss and the Codazzi equations are respectively given by

RX,Y)Z = g(Y. D)X —g(X,2)Y +g(dY.2)pX — g(¢X, 2)pY — 28(¢X. Y)pZ

3
+ Z {g(¢uys Z)¢VX - g(¢vxs Z)¢\)Y - 2g(¢vx, Y)¢UZ}
v=1

3
+

3
{g(dvoY. D)X — g(0vPX, )Y} — Z ()0, (D) pupX — n(X)n,(2)py Y}

v=1 v=1

3
- Z{H(X)g(%d)Y,Z) —n(Ng(Pv@X.Z)} &, + gAY, Z)AX — g(AX, Z)AY

v=1

and

3
(VxA)Y — (WWAX = n(X)pY — n(Y)$X — 2g(¢X, Y)§ + Z{m(x)qﬁuY - (V)$X — 28(¢X, V)&,
v=1

3 3

+ ) {m@X)pY — nu(@V)duX} + Y {n(X)nu(@Y) — n(¥V)nu($X) }&,,

v=1 v=1
where R denotes the curvature tensor of M in G, (C™+2),
The following identities can be proved in a straightforward method and will be used frequently in subsequent calculations
(see[12,16,7,18]):
¢v+l‘§v = _§v+2’ ¢v$u+1 = gl)+23
P&, = ¢.&, v (¢X) = n(pX),
Gudv1X = PuiaX + M1 (X6,
D10 X = —Pp2X + 1y (X)Ept1-
Now let us put
X =¢X+nXN, X =¢X+nXN

for any tangent vector X of a real hypersurface M in G,(C™"?), where N denotes a normal vector of M in G,(C™+?). Then
from this and the formulas (1.1) and (2.1) we have that

(Vx®)Y = n(V)AX —g(AX,Y)E,  Vx§ = ¢AX, (2.2)
Vxéy = qu2(X)E+1 — Q1 (X012 + PrAX, (2.3)
(Vx#)Y = =qui1(X)@v42Y + Qo2 X)Pu1Y + 1, (VIAX — (AX, Y)E,.
Summing up these formulas, we find the following
Vx(9,§) = Vx(¢8)
= (Vx¢)§y + ¢ (Vxé,)
= u12X)Pv+1§ — Qu1(X)Pu128 + D PAX — g(AX, £)E, + n(£,)AX. (2.5)
Moreover, from JJ, = J,J, v = 1, 2, 3, it follows that

PP X = ppX 4 1, (X)§ — n(X)§,. (2.6)
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3. Proof of main theorem

In this section let us consider a real hypersurface M in G,(C™*?) with commuting Ricci tensor, that is, S¢ = ¢S.
Now let us contract Y and Z in the equation of Gauss in Section 2. Then the Ricci tensor S of a real hypersurface M in
G, (C™?) is given by
4m—1
SX = ) R(X.eei

i=1

3 3
= (Am+10)X — 3nX)E —3 Y 1, 00& + Y _{(Trgud)pudX — (¢$)°X)

v=1 v=1

3 3
— D E)pudX — nOOGupE) — D ((Tr ud)n(X) — n(pudX)}E, + hAX — AX, (3.1)
v=1 v=1
where h denotes the trace of the shape operator A of M in G,(C™2). From the formula JJ, = J,J,TrJJ, =0,v = 1,2, 3 we
calculate the following for any basis {eq, ..., e4m—1, N} of the tangent space of G, (C™+?)
0="Tr],
4m—1

> gWver. e0) + gWN, N)

k=1
= Tr ¢ — n,(€) — g(,N,JN)
= Tr ¢y, — 21, (§) (3.2)
and
(6v®)’X = ¢ (P, X — 1, (X)E + n(X)E,)
= $u(—hX + n($,X)E) + n(X)$, €
= X — n(X)&, + n(@X)po& + n(X){—& + 0, (§)E}. (3.3)
Substituting (3.2) and (3.3) into (3.1), we have

3 3
SX = (4m + 10X — 35008 —3 > 1,(0E + Y _ (1. (E)pudX — X — n(@X)psE — 10O, ()&} + hAX — AX

v=1 v=1

3 3
= @m+7)X = 30(0& =3 m00& + Y (1 E)udX — 1@ X)buE — (01, (E)E) +hAX — AX. (3.4)

v=1 =1
Now let us take a covariant derivative of S¢p + ¢S = 2k¢, k = const. Then it gives that
(VyS)pX 4+ S(Vyd)X + (Vyd)SX + ¢ (VyS)X = 2k(Vyp)X. (3.5)
Then the first term of (3.5) becomes

3
(VyS)pX = —3g(PAY, 9X)§ — 3 Z{QV+2 V)1041(@X) = o1 (V)0042(9X) + 8(PuAY, $X) 5,

v=1

3
=33 0@ qus2(NErs1 — Q1 (V2 + GrAPX)

v=1

3
+ ) [Y0ENGudX + 0y (E)—Gui1 (V)pur2?X
v=1

+ Qr2(Vdr119°X + 1, (@°X)AY — g(AY, $°X)E,}
-, (E)gAY, X)p.& — g(PAY, ¢,0X) &
H{ Qo1 (V)N @v120X) — qui2(V)N(Pu119X) — 1 (@X)IN(AY) + n(5,)g(AY, ¢X)}¢,E
- U(¢V¢X){QU+2 (Y)¢v+1€ — Qv+ (Y)¢v+2%- + ¢U¢AY - n(AY)Sv + n(Sv)AY}
— 2(PAY, X1, (§)E,] + (YDAGX + h(VyA)pX — (VyA®)pX.
The second term of (3.5) becomes

3 3
S(Vy$)X = n0O[(4m + DAY — 30(AV)E — 3> nuAIE + Y (0. E)BuPAY — 1(@uAY)d.E — n(AY )0, (§)E,)

v=1 v=1

3
+hA’Y — A’Y] — gAY, X)[(4m + 7)& — 3¢ — 4 Z mo(€)&, + hAg — A%].

v=1
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The third term of (3.5) gives
(Vy@)SX = n(SX)AY — g(AY, SX)&,
and the fourth term of (3.5) is given by

3
(VX = =3n(X)$?AY =3 (G201 X) = Qo1 V42 (X) + E(DUAY . $X) |5,

v=1

3
=33 0u0{qr2(NPErs1 — o1 (Y)PEs 12 + PoAY |
v=1

3
+ Y[ Y1) 809X + 1, =01 (V9120
v=1

+ Q2P 16X + 1, (9X)PAY — g(AY, $X)9E, }

+ 00 E){nX)PP,AY — gAY, X)p,E} — (PAY, $,X)pob, &

+{@o1(NN(@r42X) — Gz (Vn(v+1X) — 1, CON(AY) + n(&,)8(AY, X) }p, &

— (@ X) {012V Pbr11E — Qu1(V)PPu 2 + ddyPAY — n(AY)pE, + n(E,)PAY |

— 8(PAY, X)n, (§)9&, — n(X)Y (1,(§))p§, — n(X)m(E)d)VySv]

+ (YD)$AX + hp (VyAX — ¢(VyADX.
Putting X = £ into (3.5) and using the structure vector £ is principal, that is, A& = «a&, then we have

3
S(Vy@)é + (Vy@)SE + ¢(VyS)E = [(4m + 7AY — 3n(AY)E — 3 Z v (AY)§,
v=1
3
+ Z{nv(é)(ﬁv(f’AY - n(¢v¢Ay)¢v§ - an(y)nv(S)sv}
v=1
3
FhA%Y =AY | — an ()[40 + D = 43 n©)8, + @h — o)t
v=1

3
+[140m+ 1) + ha —0?) = 4 @AY - 3n00¢%AY

v=1

3
—{tam + D+ he? — ) =43 n©n.an fs

v=1

3
=3 Adur2(DN011E) = dus1 (V142(E) + 0o (GAY)}E,
v=1
3
=3 ENQ2(NGE 1 — Q1 (VEss + LAY}
v=1

3
+ Y [ ©160AY - an()9?6.} — g(@AY, $5)8%,
v=1

—Y(1,(8)9é, — m(é)¢Vy€v] + he(VyA)s — p(VyAY)S.

From this, putting Y = £ into the above formula, we have the following

3 3
0= (qui2EM41E) = Qi1 ENur2EIPE + D noENQur2(E)PErs1 — Qur1(E)PEusa + d?E,).
v=1 v=1

Now in order to show that £ belongs to either the distribution ® or to the distribution ©=, let us assume that £ = X; + X,
for some X; € © and X, € ©*. Then it follows that
3

0= {0 2®nn® - @n@na®}@x + o)

v=1

3
+ D O] @2 Gr1X + u41X) = GO @raXi + i) — 0k +anEIX +X) | (36)

v=1
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Then by comparing ® and ©® component of (3.6), we have respectively

3 3
0 = Y (Gur2@Enu1E) — Qa1 Em2EIdXs + o Y 0o (€)X

v=1 v=1

3
+ D EG2E) buriXn — 4 )Py iaXi), (3.7)
v=1

3
0 = ) {qus2Ens1(E) — Qi1 Eura(E))puXo

v=1

3
+ ) nE{@u2E)buriXo — Q1 (E)PuiaXo — @k, + an(E)Xa). (38)
v=1

Taking an inner product (3.7) with X;, we have

3
@) 0’ =0. (3.9)
v=1

Theno = 0orn,(£) = 0for v = 1, 2, 3. So for a non-vanishing geodesic Reeb flow we have 1, (§) = 0,v = 1, 2, 3. This
means that £ € ©, which makes a contradiction for our assumption & = X; + X;. Including this one, we are able to assert
the following.

Lemma 3.1. Let M be a Hopf hypersurface in G, (C™*2) with pseudo anti-commuting Ricci tensor. Then the Reeb vector & belongs
to either the distribution © or the distribution .

Proof. When the geodesic Reeb flow is non-vanishing, that is « # 0, (3.9) gives £ € ©. When the geodesic Reeb flow is
vanishing, we differentiate A& = 0. Then by Berndt and Suh [13] we know that

3
> nuEmnu(@Y) =0.

v=1

From this, by replacing Y by ¢V, it follows that

3
Y n@En) =o.
v=1

So if there are some Y € © such that n(Y) # 0, then n,(§) = 0 for v = 1, 2, 3. This means that £ € ©.1f n(Y) = 0 for any
Y € ©, thenweknow & € ©1. O

4. Real hypersurfaces with geodesic Reeb flow satisfying & € ©

Let us consider a Hopf hypersurface M in G,(C™+?) with pseudo-commuting Ricci tensor, that is, S + ¢S = 2k¢, k =
const. Then in this section, by Lemma 3.1, we consider pseudo-commuting hypersurfaces in G, (C™*2?) with & € ©. Then by
a theorem due to Lee and Suh [19], M is locally congruent to a tube of radius r over a totally real and totally geodesic QP™
in Go(C™+2).

Concerned with such kind of tube we are able to recall a proposition given by Berndt and Suh [11] as follows:

Proposition A. Let M be a connected real hypersurface of G,(C™2). Suppose that AD C D, Af = «f, and & is tangent to D.
Then the quaternionic dimension m of G,(C™+?) is even, say m = 2n, and M has five distinct constant principal curvatures

a = —2tan(2r), B = 2 cot(2r), y =0, A = cot(r), n = —tan(r)
with some r € (0, 7 /4). The corresponding multiplicities are

m) =1, mp)=3=m(y), m@)=4n—4=m(n)
and the corresponding eigenspaces are

Ty =RE, Tg =35, T,=35 T, T,
where

T, ®T, = (HCE), =T, JIT,=T, J =T,
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Now it remains only to check whether the Ricci tensor for real hypersurfaces of type (B) in Theorem A is pseudo anti-
commuting or not. In order to do this, first let us calculate the following

3 3
SX = (4m + )X = 30X =3 0, 00E + Y 1 E)dudX — (@, X)bsE — n(X)n, ()8} + hAX — AX.

v=1 =1

From this, by using the formula in Section 2, we have

3 3
SPX = (4m+pX —3 Y 0, (X8 — O (m(E)bX — 0, ()£} + hAX — AX (4.1)
v=1 v=1
and
3 3
BSX = (4m + 7)PX — 3> 1, (0PE, — D (M (€)X — n($,X)E,} + hpAX — pAX. (42)
v=1 v=1

Then S¢ + ¢S = 2k¢ becomes

3 3
2kpX = 2(4m +1)$X =2 ) nu(@X)E —2 ) nu(X)gé,

v=1 v=1

3
—2) (u(E)puX + h(Ap + AX — (A’ + $pA”)X). (43)
v=1

Now by proposition A let us check the formula (4.3) as follows:
CaselLX =& €D
3 3 3

n(E)PE —2 ) nuE)puE = —4 ) 0. (E)PE,.

v=1 v=1 v=1

0=-2

The right side also vanishes. So we have this case.
CasellL.X = & € D+
Proposition A gives A¢&; = 0. Then it satisfies

2kpE1 = 2(4m + 7)pE1 — 2{n2(pE1E: + n3(E1)Es} — 2001 + hpAE, — pA’E,
= {2(4m+7) — 2+ Bh — B*}o¢;
for 2k = 2(4m + 7) — 2 + Bh — B2. This also holds for &, and &s.
CasellL X =¢&, €T,,y =0.
Then A¢p&; = 0 implies that (4.3) holds
—2kE1 = 2(4m +7) (=& + &) + 261 + hAP’ & — A’9°E
= {—2(4m+7) +2 — Bh+ B*}&
for 2k = 2(4m + 7) — 2 + Bh — B2. This also holds for ¢&, and ¢&.
CaselV.X € T,, A = cotr.
Then AX = AX, ApX = ugX, A2pX = u¢X and pA’X = A2¢X. Using these formulas, we have
2kpX = 2(4m + 7)¢X + h(Ap + dAX — (AP + PpAHX
= {2(4m +7) + hB — (B> + 2)}¢X.
This case also becomes 2k = 2(4m + 7) — 2 + Bh — B2
CaseV.X €T, u = —tanr.
Then AX = uX, ApX = r¢pX and A2pX = A?¢X give for (4.3) as follows:
2kpX = 2(4m + 7)¢X + h(Ap + PAX — (AP + PpAHX
= {2(4m+7) + h(u + 1) — (W* + 22) }¢X.
This case also becomes 2k = 2(4m + 7) — 2 + Bh — 2.

So summing up all cases mentioned above, real hypersurfaces of type (B) satisfy pseudo anti-commuting condition
S¢ + ¢S = 2k¢ for 2k = 2(4m + 7) — 2 + Bh — B2, where 8 = 2cot2r and h = TrA denotes the mean curvature of

type (B).



266 I. Jeong, Y.J. Suh / Journal of Geometry and Physics 86 (2014) 258-272
5. Pseudo anti-commuting real hypersurfaces with § € ®+

Now let us consider a Hopf hypersurface M in G,(C™+?) with pseudo anti-commuting Ricci tensor and £ € ©*. Now
differentiating S¢ + ¢S = 2k¢ gives

(VyS)opX + S(Vyd)X + (Vyd)SX + ¢ (VyS)X = 2k(Vy$)X.

In this section by Lemma 3.1 we only discuss the geodesic Reeb flow & belongs to the distribution ©. Since we have assumed
that£ € ®1 = Span{&,, &, &3}, there exists an Hermitian structure J; € Jsuchthat/N = J;N, thatis, £ = &;. Then it follows
that

05 = 2§ = &1 = &3, P& = 361 = —&. (5.1)

From this, together with the expression of (3.4) and & € ©, we have

(4m + DgAX, V)E =3[ (@100 + 20N — GIE0E — (08 ]

3
+2n(X)n2(AY)E; + 2n(X)n3(AY)é3 + Z M (X)$ypAY

v=1

+ (YDAPX + h(VyA)dX — (VyAD)PX + n(X){hA%Y — A’Y}
—{g(AY, SX) + n3(X)n3(AY) + n2(X)n2(AY)}E + 4[g(¢zAY, X)&3 — g(¢3AY, X)Ez]

3 3
=3 nuX)PPAY +4 Y g(GAY, $,X)E, + 13(X)$2AY — 12 (X)$3AY

v=1 v=1
+ (Yh)9AX + hp(VyA)X — ¢(VyA*)X
= 2k{n(Y)AX — g(AY, X)&}. (5.2)

Now putting X = & in (5.2), we have
(4m 4 Dg(AE, V)& + 2n2(AY)&; + 2n3(AY)Es + ¢1pAY + hAZY — A%Y
—g(AY, SE)E + 4{g(¢2AY, )& — g(¢sAY, S)éz} — 39P1AY + Ag(PAY, $26)E, + 48 (PAY, ¢36)6;
+ ho(VyA)e — ¢p(VyA®)E = 0.

From this, if we use the following formulas

3
S& = 4(m+1)E —4) 0 (€&, + hAs — A%
v=1

= (4m+ ha — o?)E
and
g(AY, S&) = a(4m + ha — a®)n(Y),
then it follows that
$1PAY + hA’Y — APY = —101,(AY)&, — 10n3(AY)E3 + haAY — a?AY + hgpAPAY — pA PAY + 3pp,AY. (5.3)
On the other hand, by the equation of Codazzi in [11] (see p. 6), we have

3
AGAY = ¢Y + Y (o (NP, + nu(@Y)E, + nu(E)yY — 2n(V)n, (E)pE, — 201, (E)nu (BY)E} + (A + GAYY
v=1

= @Y + $1Y + n2(V)p&2 + 13(Y)PE3 + n2(@Y)E2 + 13(PY)é3 + (A + pA)Y. (5.4)
SoforanyY € © (5.4) gives that ApAY = ¢Y + ¢1Y + a(Ap + ¢A)Y. This implies
PA’PAY = PAPY + PAP1Y + apA(Ad + PA)Y.
From this, together with (5.3), it follows that

D1PAY + hA%Y — AYY = —101,(AY)E — 1003 (AY)Es 4+ ahAY — a?AY + ahp(Ap + pA)Y
+h(=Y + ¢pP1Y) — QAGY — pAP1Y — apA(AD + PA)Y + 3 AY. (5.5)
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On the other hand, we calculate the following

SPY = (4m + )@Y — 3n2(@Y)E — 3n3(9Y)Es + 1Y — n(d29Y)of — n(d39Y)psE + hApY — A*pY,
3
¢SY = (4m+ 7)Y — 3 Z M (V)PE, + ddp1dY — (V) ot — n(3Y)h3€ + hpAY — pAY.
v=1

So for any Y € ® the condition S¢p + ¢S = 2k¢ implies that
2(4m + 7)pY — 1Y + hApY — A%QY + ¢pp1pY + hoAY — ¢pA%Y = 2koY.
Then by replacing Y by ¢Y for Y € © we have

AY — hA%Y — 2(4m 4+ 7) — 2Kk}AY = Ap1pY + Apd1Y — hAPADY + ApA pY. (5.6)
Now by using (5.4) for Y € D, the terms in the right side becomes respectively
APAPY = —Y + $19Y + a(Ad + PpA)PY
and
APA’ DY = GAPY + G1ABY + 12(APY) P& + N3 (ADY)pEs + n2(PAPY)E; + n3(PAGY)Es + a(Ap + pA)PY .
From these, together with (5.5) and (5.6), we have
G1PAY — 2{4m + 7 — KJAY — Ap19Y — Apd1Y + hAPAPY — ApA’pY
= —101,(AY)E, — 10n3(AY)Es + ahAY — a®AY + ahd(Ap + PA)Y
+h(=Y + ¢p1Y) — PAPY — pAGY — apA(Ap + PA)Y + 3pP1AY.
Substituting the above formulas into this, we have
G190AY — {2(4m +7 — k) — a(o — h)}AY — Ap19Y — App1Y
+h{=Y + ¢19Y + ¢ (Ap + pA)PY} — pAPY — P1APY — (AP + PpA)APY
—02(AQY) P& — n3(APY) &3 — n2(PAPY)Er — 13(PAPY)Es
= —10n2(AY)&; — 10n3(AY)E3 + ahp(Ap + PA)Y + h(=Y + ¢¢1Y)
— PAPY — PAD1Y — apA(Ap + PA)Y + 3pp1AY.
From this, if we use the following formulas obtained from (5.4)
aAPAPY = —aY + ad1dY + oa*(Ad + PpA)PY
and
aPAPAY = —aY + adpd1Y + a’Pp(Ad + PAYY,
then it follows that
D1PAY — (2(4m +7 — k) — a(a — h)JAY — Ap19Y — Apd1Y — ¢p1APY + aY — a1 — a?(Ap + ¢pA)pY
—02(AQY) P& — n3(APY) &3 — n2(PAPY)Er — 13(PAPY)Es
= —10m,(AY)& — 1075(AY)E3 — pAP1Y + oY — addrY — a’P(Ad + PA)Y + 3ppAY.
From this, let us take an inner product with &, then for any Y € © we have
— 21(AY) — 28(Ap19Y . &) + n3(ADY) + n3(AdrY)
—{2(4m +7 — k) — a(a — h)}n2(AY) — n3(ApY) — n2(PAGY)
= —10n,(AY). (5.7)

Then in this section we know that the distribution © can be decomposed into two distributions ©; and D, defined in such
a way that

D1 ={Y € D|@Y = ¢1Y}
and
Dy ={Y € D|PY = —¢Y}.

So first let us consider the distribution ©1.
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Then by a direct calculation in (5.7) for any Y € D4, we have

{24m+2 — k) — a(a — h)}n(AgpY) = 0. (5.8)
Now let use the similar method as in taking &, in above formula. So if we take an inner product &3 to the above formula, then
it follows that

— 2n3(AY) — 28(Ag19Y, &3) — m2(APY) — 12 (Ag1Y)

—{2(4m +7 — k) — a(o — h)}n3(AY) + n2(ApY) — n3(PpABY)
= —1073(AY). (5.9)

Then by a straightforward calculation in (5.9) for any Y € ©4, we have

{24m+2 — k) — a(a — h)}n3(AY) = 0. (5.10)

From this, we assert the following.

Lemma 5.1. Let M be a Hopf pseudo anti-commuting real hypersurface in G, (C™+2) with the Reeb vector field & belonging to the
distribution ®*. Then k = 4m + 2 + 5(h — &) or M is locally congruent to a tube of radius r over a totally geodesic Go(C™ )

in G,(C™+2), where h denotes the mean curvature of M and o = g(AE, £).

Proof. Now we consider for the case k # 4m + 2 + 3 (h — «). Then (5.8) and (5.10) give 1, (AY) = O forany Y € ©. Then

in order to show that g(AD, ©1) = 0 it is sufficient to show that 7, (AY) = O forany Y € 9.
Soforany Y € D, (5.7) and (5.9) give the following respectively

{6 —2(4m+7 — k) + a(a — h)}n2 (AY) = 2n3(AdY) (5.11)
and
{6 —2(4m+7 — k) + a(a — h)}n3(AY) = —2n,(AdY). (5.12)

Now let us put b = 6 — 2(4m + 7 — k) + a (e — h). Then we consider the following two cases.
Casel.b #0
Then (5.11) and (5.12) give forany Y € D,

2 2
m(AY) = BTI3(A¢Y), n3(AY) = —Bﬁz(A¢Y)~

Since the distribution D, is invariant by the structure tensor ¢, if we replace the vector Y by ¢Y, it becomes
2 2
n2(AgY) = — 5 (AY), n3(AgY) = R (AY).

Then it gives 1, (AY) = biznz(AY). This implies 1, (AY) = n3(AY) = 0for Y € ®, when b # 2. When b = 2,(5.8) and (5.10)
give naturally 7, (AY) = 0 and n3(AY) = O for any Y € © respectively. Moreover, from (5.11) and (5.12) it follows that

n2(AY) = n3(AgY),  n3(AY) = —n2(AdY)

forany Y € ©,. Then by using the same method given in Suh [7, pp. 1803-1804] we can prove that 17, (AY) = 0 and n3(AY)
=0foranyY € D,.
Casell.b = 0.

(5.11) and (5.12) give n,(A¢Y) = 0 and n3(A¢Y) = 0 for any Y € D, respectively. The invariance of the distribution D,
under the structure tensor ¢ gives also 17,(AY) = n3(AY) = Oforany Y € D,.

Summing up Cases I and I, we conclude that the distribution ® is invariant by the shape operator, that is, g (AD, ®+) = 0.
Then by Theorem A due to Berndt and Suh [11], M is locally isometric to a tube of radius r over the totally geodesic G, (C™*1)
in G,(C™*2). This gives our assertion. O

Now we want to prove that real hypersurfaces of type (A), that is, a tube of radius r over a totally geodesic G, (C™*!) in
G,(C™*2), does not admit any pseudo anti-commuting structures.

Related to this kind of hypersurfaces in Theorem A we introduce another proposition due to Berndt and Suh [11] as
follows:

Proposition B. Let M be a connected real hypersurface of G,(C™"2). Suppose that AD C D, AE = «&, and & is tangent to D .
Let J; € J be the almost Hermitian structure such that JN = J;N. Then M has three (if r = 7 /2) or four (otherwise) distinct
constant principal curvatures

o= \/gcot(x/gr), B = ﬁcot(ﬁr), A= —\/Etan(\/ir), u=0
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with somer € (0, n/«/g). The corresponding multiplicities are
m)=1, mB)=2, mQ)=2m-2=mu),
and the corresponding eigenspaces we have
T, = RE = RJN,
Ty = C*& = C*N,
T = {XIXLHE, JX = J1X},
T, = {XIXLHE, JX = —iX}.

In the paper [13] due to Berndt and Suh we have given a characterization of real hypersurfaces of type A in Theorem A
when the shape operator A of M in G, (C™*2) commutes with the structure tensor ¢, which is equivalent to the condition that
the Reeb flow on M is isometric, that is £zg = 0, where £ (resp. g) denotes the Lie derivative (resp. the induced Riemannian
metric) of M in the direction of the Reeb vector field £. Namely, Berndt and Suh [11] proved the following.

Theorem B. Let M be a connected orientable real hypersurface in G, (C™+2), m > 3. Then the Reeb flow on M is isometric if and
only if M is an open part of a tube around some totally geodesic G, (C™*1) in G,(C™*2).

Now let us check that real hypersurfaces of type (A) mentioned in Proposition B and Theorem B whether they satisfy
pseudo anti-commuting, that is, S¢ + ¢S = 2k¢. Then by Theorem B for the commuting shape operator, that is, Ap = @A,
the commuting Ricci tensor S¢p = ¢S implies that S¢ = ¢S = k¢, which is given by

3 3
SPX = (4m+7)pX — 3> nu(@X)E, — D _{nu(E)puX — 1, (X)ho&} + hAGX — A2pX
v=1 v=1

= koX. (5.13)
Now by using Proposition B, we check case by case whether two sides in (5.13) are equal to each other as follows:
CaselLX =& =&
In this case it can be easily checked that two sides are equal to each other.
Casell. X = &, &3
Then by putting X = &, in (5.13) we have

3 3
kpky = SpEr = (Am+ 1)k — 3 nu(@EDE — Y (1 (E)dvEa — nu(E)buE} + hAgE, — A0k,
v=1 v=1

= —(4m + 7)&; + 383 — 263 — hp&s + BPE;
= —{(4m +6) + hg — p*)&
which gives k = 4m 4+ 6 4+ hg — 2.
CaselIL X € Ty, . = —/2 tan(v/2r).
Then AX = AX, ApX = A¢X and A2pX = A%¢X gives
kpX = SoX = (4m + 7)pX — ¢p1X + hagX — A2pX
= (4m + 6 + ha — A%)¢X.
This case becomes k = 4m + 6 + hix — A2,
CaselV.X €T, u = 0.
Then ApX = 0 and A%2¢pX = 0 gives
kopX = SpX = (4m + 7)pX — p1X = (4m + 8)pX.
This means k = 4m + 8.

By comparing Cases Il and Il for the constant k we know cot? (+/2r) = m — 1. On the other hand, from Cases Ill and IV
we have

4m + 8 = 4m + 6 + h(—+/2 tan~/2r) — 2 tan> v/2r,
which gives

2 = (Bﬁcot V2r — ﬁ(Zm — 1) tan ﬁr)(—\than ﬁr) —2tan®2r

= —6 4 2(2m — 1) tan® v/2r — 2 tan® V/2r.

Then it follows that tan® ~/2r = ﬁ which gives a contradiction. So real hypersurfaces of type (A) in G, (C™2) in Lemma 5.1

cannot be appeared. Now we prove the following.

Theorem 5.2. Let M be a Hopf pseudo anti-commuting real hypersurface in G, (C™+2) with Reeb vector field & belonging to the
distribution . Then k = 4m + 2 + % (h — a).
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6. Ricci soliton on real hypersurfaces in G, (C™*?)

Let us recall that an n-dimensional Riemannian manifold (M, g) is said to be Ricci soliton if there exists a smooth vector
field V € T,M, x € M that satisfies

1
S () (X.Y) +RicX. ¥) =kg(X.Y). X.Y €M

where £y g denotes the Lie derivative of g with respect to the vector field V and k a constant (see Chow et al. [15]). We will
denote the Ricci soliton by (M, g, V, k) and call the vector field V as the potential vector field of the Ricci soliton. A Ricci
soliton (M, g, V, k) is said to be a stable, expanding or shrinking according to k = 0, k < 0 or k > 0. It is known that the
Ricci tensor S of an Einstein hypersurface M in G,(C™*+?) is given by S = ag for a constant g, that is, Ric(X, Y) = ag(X, Y)
for any X and Y on M and a Riemannian metric g defined on M.

In this section we consider a Ricci soliton on real hypersurfaces in G,(C™*?) with the potential Reeb vector field £. Then
the Ricci soliton formula gives the following for any vector fields on M

Ric(X,Y) + %(Sgg)(x, Y) =kg(X,Y), (6.1)

where £¢ denotes the Lie derivative along the direction of the Reeb vector field £. The formula (6.1) becomes
3 3
Am+7 — X = 3X)E —3Y 1, 00& + Y {0 (E)pudX — n($X) &
v=1 v=1

1
— O, (§)&,} + hAX — A°X + 5(¢A—A¢>)X =0. (6.2)
Moreover, from (6.2) it follows that

SHX = kX + %(A(ﬁ — pAYPX

1
= kX — 5(¢A¢X + AX — an(X)é)
and

¢SX = kopX + %(¢A¢> — $*AX

= kX + %(¢A¢x +AX — an(08).

Then it follows that the Ricci soliton satisfies (S¢ + $S)X = 2k¢X, k = const. By using Lemma 3.1, the Reeb vector & belongs
either to the distribution © or the distribution ©*. Then we assert the following.

Lemma 6.1. Let M be a Hopf Ricci soliton on real hypersurfaces in G,(C™+2) with the potential Reeb field £. Then the soliton
constant k is given by

k=4m+ho —a? for& e ©t,

k=4m+1)+ha —a® forE e®

Proof. The Ricci soliton constant k in (6.1) becomes

3
k=Ric(§, &) =g(S&, &) =4(m+1) —4 Y 1,(6)> + hg(AE, &) — g(A’€, £), (6.3)

v=1

because (£:£)(&, §) = 0. We know that the Hopf Ricci soliton satisfies the pseudo anti-commuting, so Lemma 3.1 gives that
the Reeb vector field £ belongs to the distribution © or ©*. Then putting X = & in (6.2), we assert the results in our lemma
according to the Reeb vector £ € ® or & € D as follows: For & = &; € ©* in (6.3) the Ricci curvature Ric(&, &) = g(S&, &)
becomes

k=Ric(§, &) = g(S&, &) = 4(m+ 1) — 4+ ha — o?,

sok = 4m + ha — . For € € ©, (6.3) gives k = 4(m + 1) + ha — %, This gives our assertion. O
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From (6.2), together with (6.3), we have

3 3
{4Znu<s>2 —a(h—a)+ 3}x —3n(X)E =3 1,0,

v=1 v=1
3
1
+ D {0 E)0u9X — (@ X)gE — nX)mu(€)6.} +hAX — A°X + 2 (9A — A)X = 0. (6.4)
v=1

Then for £ € D, (6.4) gives the following

3 3
1
{3—ath—a)}X =39008 =33 ()& — Y n(@X)guE +hAX — A°X + - (A — AB)X = 0. (6.5)
v=1 v=1
Since the Hopf Ricci soliton satisfies S + ¢S = 2k¢, by Theorem 1 we have two cases (i) k = 4m + 2 + 7 (h — «) and
(ii) real hypersurfaces of type (B) in Theorem A. Now first we consider the latter case (ii). Then we can use all the properties
given in Proposition A in Section 4. So we can apply Proposition A to (6.5). Now, putting X = &, in (6.5), we have

—a(h— )& + (hB — p)& = 0.
From this we know that h = o + 8 = o + 38 + 4(n — 1)(A + ). This implies cotr = tanr, which means r = 7.1t gives
us a contradiction. So the Ricci soliton cannot be appeared in real hypersurfaces of type (B) in G, (C™?).

Next we consider the first case (i) for & € ©=. Since the Ricci soliton satisfies pseudo anti-commuting, we have S¢ +¢S =
2ke, so Theorem 5.2 gives k = 4m + 2+ 5 (h — ). From this, compared with the first result k = 4m + ha — o? in Lemma 6.1
for the Hopf Ricci soliton, we know that 4 = «(h — «). So the soliton constant k becomes k = 4(m + 1) > 0. This gives that
(M, &, g, 4(m + 1)) becomes a shrinking Ricci soliton. Then we give a complete proof of Theorem 2 in the introduction. O

Remark 6.2. In the paper due to Pérez, Suh and Watanabe [ 12] we have given a classification of pseudo-Einstein real hyper-
surfaces in G, (C™2). But it is proper pseudo-Einstein with ¢ # 0 so it does not satisfy the pseudo-anti commuting formula,
because the quaternionic Kihler structure is included in G, (C™*2).

Remark 6.3. Related to the properties of the Ricci tensor in G,(C™"?) we have proved the non-existence of real hypersur-
faces in G,(C™*+2) with parallel Ricci tensor in [17]. Motivated by such a geometric property we give a characterization of
type (A) in Theorem A by the invariant Ricci tensor, that is, £S5 = 0 along the flow in the direction of the Reeb vector
field & (see [18]). Moreover, in [20] we gave a complete classification of real hypersurfaces M in G,(C™*2) with harmonic
curvature, that is, §S = 0, where § denotes the adjoint coderivative defined on M in G, (C™*2).

Remark 6.4. When we consider a ruled real hypersurface Mg = X % xG,(C™!) in G,(C™*2), the expression of the shape
operator A§ = &, A&, = B& and AX = 0 for any X orthogonal to & = &; and &, (see [21]). So the ruled real hypersurface
Mp, is not Hopf. Of course, the trace of the shape operator h vanishes and the principal curvature « = g(A£, &) also vanishes.
From such a view point, by Theorem 2, there do not exist any Ricci soliton on ruled real hypersurfaces in G, (C™*2).

Acknowledgments

The present author would like to express his deep gratitude to the referee for his careful reading of our manuscript and
nice comments. This work was supported by grant Proj. No. NRF-2011-220-1-C00002 from National Research Foundation
of Korea. The first author was supported by grant Proj. No. NRF-2011-0013381 and the second by grant Proj. No. NRF-2012-
R1A2A2A-01043023.

References

[1] M. Okumura, On some real hypersurfaces of a complex projective space, Trans. Amer. Math. Soc. 212 (1975) 355-364.
[2] M. Kimura, Real hypersurfaces of a complex projective space, Bull. Aust. Math. Soc. 33 (1986) 383-387.
[3] S. Montiel, A. Romero, On some real hypersurfaces of a complex hyperbolic space, Geom. Dedicata 20 (1986) 245-261.
[4] A.Martinez, ].D. Pérez, Real hypersurfaces in quaternionic projective space, Ann. Mat. Pura Appl. 145 (1986) 355-384.
[5] J.D.Pérez, Y.J. Suh, Certain conditions on the Ricci tensor of real hypersurfaces in quaternionic projective space, Acta Math. Hungar. 91 (2001) 343-356.
[6] J.D. Pérez, Y.J. Suh, Real hypersurfaces of quaternionic projective space satisfying VR = 0, Differential Geom. Appl. 7 (1997) 211-217.
[7] Y.J. Suh, Real hypersurfaces in complex two-plane Grassmannians with commuting Ricci tensor, ]. Geom. Phys. 60 (11) (2010) 1792-1805.
[8] M. Kon, Pseudo-Einstein real hypersurfaces in complex projective space, J. Differential Geom. 14 (1979) 339-354.
[9] T.E. Cecil, P.J. Ryan, Focal sets and real hypersurfaces in complex projective space, Trans. Amer. Math. Soc. 269 (1982) 481-499.
[10] K. Yano, M. Kon, CR Submanifolds of Kaehlerian and Sasakian Manifolds, Birkduser, Boston, Basel, Strutgart, 1983.
[11] J. Berndt, Y.J. Suh, Real hypersurfaces in complex two-plane Grassmannians, Monatsh. Math. 127 (1999) 1-14.
[12] ].D. Pérez, YJ. Suh, Y. Watanabe, Generalized Einstein hypersurfaces in complex two-plane Grassmannians, J. Geom. Phys. 60 (11) (2010) 1806-1818.
[13] J. Berndt, Y.J. Suh, Isometric flows on real hypersurfaces in complex two-plane Grassmannians, Monatsh. Math. 137 (2002) 87-98.
[14] D.V. Alekseevskii, Compact quaternion spaces, Funct. Anal. Appl. 2 (1966) 106-114.
[15] B. Chow, et al., The Ricci Flow: Techniques and Applications, Part-1: Geometric Aspects, in: AMS Mathematical Surveys and Monographs, vol. 135,
2007.


http://refhub.elsevier.com/S0393-0440(14)00195-8/sbref1
http://refhub.elsevier.com/S0393-0440(14)00195-8/sbref2
http://refhub.elsevier.com/S0393-0440(14)00195-8/sbref3
http://refhub.elsevier.com/S0393-0440(14)00195-8/sbref4
http://refhub.elsevier.com/S0393-0440(14)00195-8/sbref5
http://refhub.elsevier.com/S0393-0440(14)00195-8/sbref6
http://refhub.elsevier.com/S0393-0440(14)00195-8/sbref7
http://refhub.elsevier.com/S0393-0440(14)00195-8/sbref8
http://refhub.elsevier.com/S0393-0440(14)00195-8/sbref9
http://refhub.elsevier.com/S0393-0440(14)00195-8/sbref10
http://refhub.elsevier.com/S0393-0440(14)00195-8/sbref11
http://refhub.elsevier.com/S0393-0440(14)00195-8/sbref12
http://refhub.elsevier.com/S0393-0440(14)00195-8/sbref13
http://refhub.elsevier.com/S0393-0440(14)00195-8/sbref14
http://refhub.elsevier.com/S0393-0440(14)00195-8/sbref15

272 L. Jeong, Y.J. Suh / Journal of Geometry and Physics 86 (2014) 258-272

[16] Y.J. Suh, Real hypersurfaces of type B in complex two-plane Grassmannians, Monatsh. Math. 147 (2006) 337-355.
[17] YJ. Suh, Real hypersurfaces in complex two-plane Grassmannians with parallel Ricci tensor, Proc. Roy. Soc. Edinburgh 142A (2012) 1309-1324.
[18] YJ. Suh, Real hypersurfaces in complex two-plane Grassmannians with &-invariant Ricci tensor, J. Geom. Phys. 61 (2011) 808-814.

[19] H. Lee, Y.J. Suh, Real hypersurfaces of type B in complex two-plane Grassmannians related to the Reeb vector, Bull. Korean Math. Soc. 47 (2010)
551-561.

[20] Y.J. Suh, Real hypersurfaces in complex two-plane Grassmannians with harmonic curvature, J. Math. Pures Appl. 100 (2013) 16-33.

[21] M. Kimura, I. Jeong, H. Lee, Y.J. Suh, Real hypersurfaces in complex two-plane Grassmannians with generalized Tanaka-Webster Reeb parallel shape
operator, Monatsh. Math. 171 (2013) 357-376.


http://refhub.elsevier.com/S0393-0440(14)00195-8/sbref16
http://refhub.elsevier.com/S0393-0440(14)00195-8/sbref17
http://refhub.elsevier.com/S0393-0440(14)00195-8/sbref18
http://refhub.elsevier.com/S0393-0440(14)00195-8/sbref19
http://refhub.elsevier.com/S0393-0440(14)00195-8/sbref20
http://refhub.elsevier.com/S0393-0440(14)00195-8/sbref21

	Pseudo anti-commuting and Ricci soliton real hypersurfaces in complex two-plane Grassmannians
	Introduction
	Riemannian geometry of  G2 (Cm+ 2) 
	Some fundamental formulas
	Proof of main theorem
	Real hypersurfaces with geodesic Reeb flow satisfying  ξ inD 
	Pseudo anti-commuting real hypersurfaces with  ξ inDbot 
	Ricci soliton on real hypersurfaces in  G2 (Cm+ 2) 
	Acknowledgments
	References


