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1 Introduction
Let p be a fixed prime number. Throughout this paper, Z,, Q, and C, will respectively
denote the ring of p-adic rational integers, the field of p-adic rational numbers and the
completion of algebraic closure of Q,. The p-adic norm is defined |p|, = }j.

When one talks of g-extension, g is variously considered as an indeterminate, complex
q € C, or p-adic number g € C,. If g € C, one normally assumes that |g| < 1.If g € C,, then
we assume that |g — 1], <pil’%1 so that g* = exp(xlogq) for each x € Z,. Throughout this
paper, we use the notation

e

Note that lim,_.1[x], = x for each x € Z,.

Let UD(Z,) be the space of a uniformly differentiable function on Z,. For f € UD(Z,),
the p-adic g-integral on Z, is defined by Kim as follows:

pi-1
Y f@q (see1,2]). (1)

x=0

@m=éfmmmm=mll

N—o0 [pN]q
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Using this integration, the g-Daehee polynomials D, ,(x) are defined and studied by Kim

et al. (see [3]), their generating function is as follows:

l-g+ —

L log(1+1) > t"
10gq x
1+¢t)* = E D —. 2
l-g-qt d+2) P n,q(x)n! @

The generating function of the modified g-Daehee polynomials are defined and studied
by Lim (see [4]).

q-1 log(l + t)

Fy(x,t) = log 7

ZD (x|q)— (see [1-16]). 3)
From (1), we have the following integral identity:

alq(fi) - 1;(f) = f(O +(q-1)f(0), (4)

where fi(x) = f(x + 1) and f(x) = f'(x).
In a special case, for i € Z, (= NU {0}), we apply f(x)

g "*e" on (4), we have

"g-1)t—(h-1)lo
/ a7 dyiglx) = ! 1 . P 24 (5)
Zp ogq e —q
For /1 € Z,, we define the (%, g)-Bernoulli number B;h)(q) as follows:
iB(h)( )ﬁ _ qh_l(q_l)t—(h—l)logq ©
" ! t_gh-1
=0 n logq e —q

Indeed if g — 1, we have limqﬁlB(,,h)(q) = B,. So we call this Bg,h)(q) the nth (4, q)-
Bernoulli number. And we define (%, g)-Bernoulli polynomials and the generating function
to be

d Ng-1)t—(h- 1)10 t”
q- gq (h)
E B, xq 7

When x =0, Bg,h)(0|q) = B(,,h) (q) are the nth (4, g)-Bernoulli numbers.
From (4) and (7), we have

BP(x|q) = f g (x+9)" dug ).

Zp

From (7) we note that

B )= ('Z)Bﬁhkmx"-l. ®)

1=0
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1
For the case |f|, < p 7T, the Daehee polynomials are defined as follows (see [3]):

i " log(l+¢) "
;Dn(x)ﬁ ==+ (9)

From (2) and (3), if ¢ — 1, we have
lim D (x) = Dy )
and
;i_>ml Dy(x|q) = Dy ().

The p-adic g-integral (or g-Volkenborn integration) was defined by Kim (see [1, 2]).
From p-adic g-integral equations, we can derive various g-extensions of Bernoulli polyno-
mials and numbers (see [1-24]). In [20], DS Kim and T Kim studied Daehee polynomials
and numbers and their applications. In [3], Kim et al. introduced the g-analogue of Daehee
numbers and polynomials which are called g-Daehee numbers and polynomials. Lim con-
sidered in [4] the modified g-Daehee numbers and polynomials which are different from
the g-Daehee numbers and polynomials of Kim et al. In this paper, we consider (%, q)-
Daehee numbers and polynomials and give some interesting identities. In case /1 = 0, we
cover the g-analogue of Daehee numbers and polynomials of Kim et al. (see [3]). In case
h =1, we have modified g-Daehee numbers and polynomials in [4]. We can find out vari-

ous (4, g)-related numbers and polynomials in [10, 13, 14].

2 (h,q)-Daehee numbers and polynomials
Let us now consider the p-adic g-integral representation as follows: for each 4 € Z,,

/z g @+ uditgy) (neZ.=NU{0}), 1o

where (x), is known as the Pochhammer symbol (or decreasing factorial) defined by

(x),,:x(x—l)---(x—n+1):ZSl(n,k)xk, (11)
k=0

and here S;(, k) is the Stirling number of the first kind (see [3, 20]).

From (10) we have

> (i) t”) dpg(y)

i(/z q‘hy()/)nduq(y));—n!:/Z q-hy<°°

n=0 P P n=0

- / L+ 2 dug () 12)

Zp

1
where t € C, with ||, < p™7T.
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1
For |t|, < p 71, from (4) we have

hl(g—1) log 7%
/ a0 dpg() = : 1 (i (13)
Zyp ogqg 1l+t-¢g
Let
(g 1) log 2+t % £
P =14 7" phgt. 14
e P = e A b (14)

n=0

Here, the numbers D;h)(q) are called the nth (%, g)-Daehee numbers of the first kind.

Moreover, we have
D@ = [ " 0ndns0) (15)
Zp

From (14) and (15), if # = 0, DE,O)(q) is just the g-Daehee numbers which are defined by
Kimetal in [3]).Ifh=1, Dg,l)(q) is just the modified g-Daehee numbers which are studied
in [4].

On the other hand, we can derive (%, g)-Daehee polynomials

X(;( /Z ,, g (x+ ), duq(y))% _ fZ p " (2(; (x;y) tn) dpig(y)

- /Z 7P+ 8 dpiy(y)

"1(g-1)log (L +¢t) - (h-1)1
_ 4" (g-Dlog(l+H)-(h-Dlogg |
logg 1+t—g'!

oo t"
=Y DP(xlg)—, (16)
s n!

where t € C, with |¢], <p_1%.

When x =0, Di,h)(OIq) = Dg,h)(q) is called the nth (4, g)-Daehee number.

Notice that Fflh) (0,t) seems to be a new g-extension of the generating function for Daehee
numbers of the first kind. Therefore, from (9) and the following fact, we get

. log(1 +¢t)

(") (#) =
;mll F,'(t) = P
From (11) and (12), we have

D (x|q) = /Z "+ Yudpg) =Y Si(n kB (xlq), (17)

P k=0

where Bih)(xlq) are the (%, g)-Bernoulli polynomials introduced in (7).
Thus we have the following theorem, which relates (/, g)-Bernoulli polynomials and
(h,q)-Daehee polynomials.
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Theorem 1 For n,m € Z,, we have the following equalities:
n
DP(xlg) = > $1(n,k)B{ (x|q)
k=0

and

DP(q) =" Si(n, kB (q).
k=0

From the generating function of the (%, g)-Daehee polynomials in Diqh)(x|q) in (14), by
replacing ¢ to e’ — 1, we have

iD(h)(Mq) (et =1)" _ thl(q -1)t-(h-1) logqext
n n'
n=0

logg et — gt
N gl
=Y B (xlg)—. (18)
n!
n=0
On the other hand,
o (et _ 1);1 o o "
Y Dy ———= DP(xlg) Y Saln,m)—. (19)
n=0 n m=0 1n=0 n.

Here, Sy(n, m) is the Stirling number of the second kind defined by the following gener-

ating series:

ZSz(I’l,Vn)% = (e ;n,I) cf [3,20]. (20)

Thus by comparing the coefficients of t”, we have

B (xlg) = Y D} (x19)Sa(n, m).
m=0

Therefore, we obtain the following theorem.

Theorem 2 For n,m € Z,, we have the following identity:

B (xlg) = ) D} (x|9)Sa(n, m).

m=0

The increasing factorial sequence is known as
A =x(x+1)(x+2)---x+n-1) (meZ,).

Let us define the (%, g)-Daehee numbers of the second kind as follows:

DY@ = [ a7 adug) (e @y

Zyp

Page 5 of 9



Do and Lim Advances in Difference Equations (2015) 2015:107 Page 6 of 9

It is easy to observe that
n
2 = (<1)"(=x)n = Y S1(m k)(-1)" . (22)
k=0
From (21) and (22), we have

DI(q) - / () dpty)

ZP
= / gy (-1)" dpy(y)
Zp

=351, k)(-1)*BP (9. (23)
k=0

Thus, we state the following theorem, which relates (%, g)-Daehee numbers and (%, g)-

Bernoulli numbers.

Theorem 3 The following holds true:
DP(q) = > $1(n, k) (-1)'B ().
k=0

Let us now consider the generating function of (%, g)-Daehee numbers of the second
kind as follows:

. n 0 ~ P
ZDZh)(‘I); = i (/;p q hy(_y)n d.uq(y)) E

n=0
_ —h - AW
—[qu y(;(n)t>duq(y>
= /Z g1+ 1) dug(y). (24)

From (4) and (24), we have the generating function for (%, g)-Daehee numbers of the
second kind as follows:

h=1(q —1) logg —log(1 + t)
407 dgly) = L . 25
/qu (1407 din) = T T PRI (25)
Let us consider the (%, g)-Daehee polynomials of the second kind as follows:
0 LA Sl &
D DVl — = | a7 yndigy)—
n. 7 n.
n=0 n=0 4
- [ a0 g
Zp
"1(g—1) logq —log(1 + ¢
_ 4" (g-Dlogg-logll+1) | (26)

loggq 1+t—q"
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From the (%, g)-Bernoulli polynomials in (7),

l—h(q—l _ 1) —t— lOg ql—h e—xt

log q—l et — ql—h

R w1\ b nd
q ;(—1) BP(q ")~ =q"

¢"!g-1t-logg"!
logg et —g"'!

o0 tn
=D B -xlg)—. (27)
n!
n=0
Thus, we have
7"(-1"B (xlg7") = BY(1 - x|g). (28)

From (28), the value at x = 1, we have
q¢"(-1"B{(1ig") = B (9).

On the other hand, we note that
() = (1" = 37810, (=)' = (1" 3 [S10m, )|, (29)
1=0 =0

where n > 0 and |S;(n, k)| is the unsigned Stirling number of the first kind.
From (28) and (29),

B wla) = Y510 |- [ (x4 diag0)
1=0

Zp

= [8101,0)|(-1)'B{" (~lg)

=0

=gy [$100,D)[B) (x + 1Ig7Y). (30)
=0

Thus, we have the following identity.

Theorem 4 For n € Z,, the following is true:

DY (xlg) = g™ 3 [Si00D]B” (x + 1lg™).
1=0

On the other hand, we can check easily the following:
@+ y)n=(-1)"(-x-y+n-1), (31)

and

(x +‘y)n :(_1)n<—x +y+n—1>' )
n. n
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From (14), (26), (31) and (32), we have

(12 (f'q) /Z q‘hy<_x'yn+”‘1)duq(y)

_ " (n-1 XY

() L ()

() @
and

n (x|Q) n Y
Cap 2D /Z q y( ] )duq(y)

P

:/Z q-hy<—x+yn+n—1> diy)
~ " n-1 Xty
—Z(n_m)/zpq y( o )duq(y)
n-1 (xlq)
:Z<m 1) m! (34)

Therefore, we get the following theorem, which relates (4, g)-Daehee polynomials of the
first and the second kind.

Theorem 5 For n € N, the following equalities hold true:

DV xlg) < (n—1)\ DY (~xlq)
D n! :Z<m—1) m!

m=1

and

D (lg) _ g~ (=1 Dy (-xlg)
D n! :Z(m—1> m!

m=1
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