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1 Introduction

Considering Hermitian symmetric spaces of rank 2, we can usually give examples of Riemannian symmet-

ric spaces SUm+2/S(U2Um) and SU2,m/S(U2Um), which are said to be complex two-plane Grassmannians

and complex hyperbolic two-plane Grassmannians, respectively (see [13–16, 18]). These are regarded as

Hermitian symmetric spaces and quaternionic Kähler symmetric spaces equipped with the Kähler struc-

ture J and the quaternionic Kähler structure J and they have rank 2.

Among the other different types of Hermitian symmetric spaces with rank 2 in the class of compact type,

one can give the example of complex quadric Qm = SOm+2/SOmSO2, which is a complex hypersurface

in complex projective space CPm+1 (see [12, 17, 19]). We can also view the complex quadric as a kind

of real Grassmann manifold of compact type with rank 2 (see [6]). Consequently, the complex quadric

admits two important geometric structures, a complex conjugation structure A and a Kähler structure J ,

which anti-commute with each other, i.e., AJ = −JA. Then the triple (Qm, J, g) (m > 2) is an Hermitian

symmetric space of compact type with rank 2 and its maximal sectional curvature equals 4 (see [5, 11]).

In the complex projective space CPm+1 and the quaternionic projective space HPm+1 some clas-

sifications related to commuting Ricci tensor or commuting structure Jacobi operator were investi-

gated by Kimura [3, 4], Pérez [7] and Pérez and Suh [8, 9], respectively. Under the invariance of the

shape operator along some distributions a new classification in the complex 2-plane Grassmannian

G2(C
m+2) = SUm+2/S(UmU2) was investigated.

∗Corresponding author
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By the Kähler structure J of the complex quadric Qm, we can decompose its action on any tangent

vector field X on M in Qm as follows:

JX = φX + η(X)N,

where φX = (JX)T denotes the tangential component of JX , η denotes a 1-form defined by η(X) =

g(JX,N) = g(X, ξ) for the Reeb vector field ξ = −JN and N a unit normal vector field on M in Qm.

When the Ricci tensor Ric of M in Qm commutes with the structure tensor φ, i.e., Ric·φ = φ·Ric, we

say that M is Ricci commuting or commuting Ricci tensor.

Pérez and Suh [10] proved a non-existence property for Hopf hypersurfaces in G2(C
m+2) with par-

allel and commuting Ricci tensor. Moreover, Suh [13] strengthened this result to hypersurfaces in

G2(C
m+2) with commuting Ricci tensor and gave a characterization of real hypersurfaces in G2(C

m+2) =

SUm+2/S(UmU2) as follows:

Theorem 1.1. Let M be a Hopf real hypersurface in G2(C
m+2) with commuting Ricci tensor, m > 3.

Then M is locally congruent to a tube of radius r over a totally geodesic G2(C
m+1) in G2(C

m+2).

Moreover, Suh [18] studied another classification for Hopf hypersurfaces in complex hyperbolic two-

plane Grassmannians SU2,m/S(U2Um) with commuting Ricci tensor as follows:

Theorem 1.2. Let M be a Hopf hypersurface in SU2,m/S(U2Um) with commuting Ricci tensor, m > 3.

Then M is locally congruent to an open part of a tube around some totally geodesic SU2,m−1/S(U2Um−1)

in SU2,m/S(U2Um) or a horosphere whose center at infinity with JX ∈ JX is singular.

It is known that the Reeb flow on a real hypersurface in G2(C
m+2) is isometric if and only if M is

an open part of a tube around a totally geodesic G2(C
m+1) ⊂ G2(C

m+2). Corresponding to this result,

Suh [16] asserted that the Reeb flow on a real hypersurface in SU2,m/S(U2Um) is isometric if and only

if M is an open part of a tube around a totally geodesic SU2,m−1/S(U2Um−1) ⊂ SU2,m/S(U2Um). Here,

the Reeb flow on a real hypersurface in SUm+2/S(UmU2) or SU2,m/S(U2Um) is said to be isometric if the

shape operator commutes with the structure tensor. Berndt and Suh [1], and Suh [19] have introduced

this problem for real hypersurfaces in the complex quadric Qm = SOm+2/SOmSO2 and obtained the

following result:

Theorem 1.3. Let M be a real hypersurface of the complex quadric Qm, m > 3. The Reeb flow on M

is isometric if and only if m is even, say m = 2k, and M is an open part of a tube around a totally

geodesic CP k ⊂ Q2k.

In addition to the complex structure J there is another distinguished geometric structure on Qm,

namely a parallel rank two vector bundle A which contains an S1-bundle of real structures, i.e., complex

conjugations A on the tangent spaces of Qm. The set is denoted by A[z] = {Aλz̄ | λ ∈ S1 ⊂ C}, [z] ∈ Qm,

and means the set of all complex conjugations defined on Qm. Then A[z] becomes a parallel rank 2-

subbundle of EndTQm. This geometric structure determines a maximal A-invariant subbundle Q of the

tangent bundle TM of a real hypersurface M in Qm.

When we consider the hypersurface M in the complex quadric Qm, under the assumption of some

geometric properties the unit normal vector field N of M in Qm belongs to one of two classes, depending

on whether N is A-isotropic or A-principal (see [17, 19]). In the first case where N is A-isotropic, it is

known that M is locally congruent to a tube over a totally geodesic CP k in Q2k. In the second case, when

the unit normal N is A-principal, we proved that a contact hypersurface M in Qm is locally congruent

to a tube over a totally geodesic and totally real submanifold Sm in Qm (see [19]).

Now at each point z ∈ M let us consider a maximal A-invariant subspaceQz of TzM , z ∈ M , defined by

Qz = {X ∈ TzM | AX ∈ TzM for all A ∈ Az}.

Then when the unit normal vector field N is A-isotropic it can be easily checked that the orthogonal

complement Q⊥
z = Cz ⊖ Qz, z ∈ M , of the distribution Q in the complex subbundle C, becomes Q⊥

z =

Span{Aξ,AN}. Here it can be easily checked that the vector fields Aξ and AN belong to the tangent

space TzM , z ∈ M if the unit normal vector field N becomes A-isotropic. Then motivated by the above
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result, Suh [19] gave a theorem for real hypersurfaces in the complex quadric Qm with parallel Ricci

tensor and A-isotropic unit normal vector field.

In the study of complex two-plane Grassmannian G2(C
m+2) or complex hyperbolic two-plane Grass-

mannian SU2,m/S(U2Um), we considered hypersurfaces with parallel Ricci tensor and gave non-existence

properties respectively (see [14,23]). Suh [19] also considered the notion of parallel Ricci tensor ∇Ric = 0

for hypersurfaces M in Qm. As a generalization of such facts, we consider the notion of harmonic cur-

vature, i.e., (∇XRic)Y = (∇Y Ric)X for any tangent vector fields X and Y on M in Qm and proved the

following (see [20]).

Theorem 1.4. Let M be a Hopf real hypersurface in the complex quadric Qm, m > 4, with harmonic

curvature and A-isotropic unit normal N . If the shape operator commutes with the structure tensor on

the distribution Q⊥, then M is locally congruent to an open part of a tube around k-dimensional complex

projective space CP k in Qm, m = 2k, or M has at most 6 distinct constant principal curvatures given by

α, γ = 0(α), λ1, µ1, λ2 and mu2 with corresponding principal curvature spaces

Tα = [ξ], Tγ = [Aξ,AN ], φ(Tλ1
) = Tµ1

, φTλ2
= Tµ2

,

dimTλ1
+ dimTλ2

= m− 2, dimTµ1
+ dimTµ2

= m− 2.

Here four roots λi and µi, i = 1, 2 satisfy the equation

2x2 − 2βx+ 2 + αβ = 0,

where the function β denotes β =
α2+2±

√
(α2+2)2+4αh

α
and the function h is the mean curvature of M

in Qm. In particular, α =
√

2m−1
2 , γ(= α) =

√

2m−1
2 , λ = 0, µ = − 2

√
2√

2m−1
, with multiplicities 1, 2,

m− 2 and m− 2, respectively.

But from the assumption of harmonic curvature, it was impossible to derive the fact that either the

unit normal N is A-isotropic or A-principal. So Suh [20] gave a complete classification with the further

assumption of A-isotropic as in Theorem 1.4. For the case where the unit normal vector field N is

A-principal, we have proved that real hypersurfaces in Qm with harmonic curvature do not exist.

However, when we consider a Ricci commuting real hypersurface M in Qm, i.e., Ric·φ = φ·Ric for

hypersurfaces M in Qm, we can assert that the unit normal vector field N becomes either A-isotropic or

A-principal. Then motivated by such a result and using Theorem 1.3, in this paper we give a complete

classification for real hypersurfaces in the complex quadric Qm with commuting Ricci tensor, i.e., Ric·φ

= φ·Ric as follows:

Theorem 1.5. Let M be a Hopf real hypersurface in the complex quadric Qm, m > 4, with commuting

Ricci tensor. If the shape operator commutes with the structure tensor on the distribution Q⊥, then M

is locally congruent to an open part of a tube around totally geodesic CP k in Q2k, m = 2k, or M has 3

distinct constant principal curvatures given by

α =
√

2(m− 3), γ = 0, λ = 0, and µ = −
2

√

2(m− 3)
or

α =

√

2

3
(m− 3), γ = 0, λ = 0, and µ = −

√
6

√
m− 3

with corresponding principal curvature spaces, respectively

Tα = [ξ], Tγ = [Aξ,AN ], φ(Tλ) = Tµ, and dimTλ = dimTµ = m− 2.

Remark 1.6. In Theorem 1.5, the second and the third cases can be explained geometrically as

follows: the real hypersurface M is locally congruent to M1 × C, where M1 is a tube of radius r =
1√
2
tan−1

√
m− 3 or respectively, of radius r = 1√

2
tan−1

√

m−3
3 , around (m−1)-dimensional sphere Sm−1

in Qm−1, i.e., M1 is a contact hypersurface defined by Sφ+ φS = kφ, k = − 2√
2(m−3)

, and k = −
√
6√

m−3
,
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respectively (see [2,19]). By the Segre embedding, the embedding M1×C ⊂ Qm−1×C ⊂ Qm is defined by

(z0, z1, . . . , zm, w) → (z0w, z1w, . . . , zmw, 0). Here (z0w)
2+(z1w)

2+ · · ·+(zmw)2 = (z20+ · · ·+z2m)w2 = 0,

where {z0, . . . , zm} denotes a coordinate system in Qm−1 satisfying z20 + · · ·+ z2m = 0.

Our paper is organized as follows. In Section 2, we present basic material about the complex quadricQm,

including its Riemannian curvature tensor and a description of the singular vectors of Qm like A-principal

or A-isotropic unit normal vector field. In Section 3, we investigate the geometry of the subbundle Q

for hypersurfaces in Qm and some equations including Codazzi and fundamental formulas related to the

vector fields ξ, N , Aξ and AN for the complex conjugation A of M in Qm.

In Section 4, the first step is to derive the formula of Ricci commuting from the equation of Gauss

for real hypersurfaces M in Qm and to get a key lemma that the unit normal vector field N is either

A-isotropic or A-principal, and show that a real hypersurface in Qm, m = 2k, which is a tube over a

totally geodesic CP k in Q2k naturally has a commuting Ricci tensor. In Section 5, by the expressions

of the shape operator S for real hypersurfaces M in Qm, we present the proof of Theorem 1.5 with

A-isotropic unit normal vector field.

In Section 6, we give a complete proof of Theorem 1.5 with A-principal unit normal vector field. The

first part of this proof is devoted to giving some fundamental formulas from Ricci commuting and A-

principal unit normal vector field. Then in the latter part of the proof, we will use the decomposition

of two eigenspaces of the complex conjugation A in Qm such that TzM = V (A) ⊕ JV (A), where such

eigenspaces are defined by V (A) = {X ∈ TzQ
m | AX = X} and JV (A) = {X ∈ TzQ

m | AX = −X},

respectively.

2 The complex quadric

One can refer to [5, 6, 11, 17, 19] for more preliminaries. The complex quadric Qm is the complex hyper-

surface in CPm+1 and defined by the equation z20 + · · ·+ z2m+1 = 0, where z0, . . . , zm+1 are homogeneous

coordinates on CPm+1. We equip Qm with the Riemannian metric g which is induced from the Fubini-

Study metric ḡ on CPm+1 with constant holomorphic sectional curvature 4. Define the Fubini-Study

metric ḡ as ḡ(X,Y ) = Φ(JX, Y ) for any vector fields X and Y on CPm+1 and a globally closed (1, 1)-

form Φ given by Φ = −4i∂∂logfj on an open set Uj = {[z0, z1, . . . , zm+1] ∈ CPm+1 | zj 6= 0}, where the

function fj is denoted by fj =
∑m+1

k=0 tkj t̄
k
j , and tkj = zk

zj for j, k = 0, . . . ,m+ 1. Consequently, the Kähler

structure on CPm+1 induces canonically a Kähler structure (J, g) on the complex quadric Qm.

Alternatively, the complex projective space CPm+1 is defined by using the Hopf fibration

π : S2m+3 → CPm+1, z → [z],

which is said to be a Riemannian submersion. Then we naturally can consider the following diagram for

the complex quadric Qm:

Q̃ = π−1(Q)
ĩ

−−−−→ S2m+3 ⊂ C
m+2

π





y

π





y

Q = Qm i
−−−−→ CPm+1.

The submanifold Q̃ of codimension 2 in S2m+3 is called the Stiefel manifold of orthonormal 2-frames

in R
2m+4, which is given by

Q̃ =

{

x+ iy ∈ C
m+2

∣

∣

∣

∣

g(x, x) = g(y, y) =
1

2
and g(x, y) = 0

}

,

where g(x, y) =
∑m+2

i=1 xiyi for any x = (x1, . . . , xm+2) and y = (y1, . . . , ym+2) ∈ R
m+2. Then the tangent

space is decomposed as TzS
2m+3 = Hz ⊕ Fz and TzQ̃ = Hz(Q)⊕ Fz(Q) at z = x+ iy ∈ Q̃, respectively,



Suh Y J et al. Sci China Math November 2016 Vol. 59 No. 11 2189

where the horizontal subspaces Hz and Hz(Q) are given by Hz = (Cz)⊥ and Hz(Q) = (Cz ⊕ Cz̄)⊥, and

Fz and Fz(Q) are fibers which are isomorphic to each other. Here Hz(Q) becomes a subspace of Hz

of real codimension 2 and orthogonal to the two unit normals −z̄ and −Jz̄. Explicitly, at the point

z = x+ iy ∈ Q̃ it can be described as

Hz = {u+ iv ∈ C
m+2 | g(x, u) + g(y, v) = 0, g(x, v) = g(y, u)}

and

Hz(Q) = {u+ iv ∈ Hz | g(u, x) = g(u, y) = g(v, x) = g(v, y) = 0},

where C
m+2 = R

m+2 ⊕ iRm+2, and g(u, x) =
∑m+2

i=1 uixi for any u = (u1, . . . , um+2), x = (x1, . . . , xm+2)

∈ R
m+2.

These spaces can be naturally projected by the differential map π∗ as π∗Hz = Tπ(z)CP
m+1 and

π∗Hz(Q) = Tπ(z)Q, respectively. Hence, at the point π(z) = [z] the tangent subspace T[z]Q
m becomes a

complex subspace of T[z]CP
m+1 with complex codimension 1 and has two unit normal vector fields −z̄

and −Jz̄ (see [11]).

Now let us denote by Az̄ the shape operator of Qm in CPm+1 with respect to the unit normal −z̄.

Then, by virtue of the Weingarten equation, it is defined by Az̄w = ∇̄w z̄ = w̄ for a complex Euclidean

connection ∇̄ induced from C
m+2 and all w ∈ T[z]Q

m, i.e., the shape operator Az̄ is just a complex

conjugation restricted to T[z]Q
m. Moreover, it satisfies the following: For any w ∈ T[z]Q

m and any

λ ∈ S1 ⊂ C,

A2
λz̄w = Aλz̄Aλz̄w = Aλz̄λw̄

= λAz̄λw̄ = λ∇̄λw̄ z̄ = λλ̄ ¯̄w

= |λ|2w = w.

Accordingly, A2
λz̄ = I for any λ ∈ S1. So the shape operator Az̄ becomes an anti-commuting involution

such that A2
z̄ = I and AJ = −JA on the complex vector space T[z]Q

m and

T[z]Q
m = V (Az̄)⊕ JV (Az̄),

where V (Az̄) = R
m+2 ∩ T[z]Q

m is the (+1)-eigenspace and JV (Az̄) = iRm+2 ∩ T[z]Q
m is the (−1)-

eigenspace of Az̄, i.e., Az̄X = X and Az̄JX = −JX , respectively, for any X ∈ V (Az̄).

The Gauss equation for Qm ⊂ CPm+1 implies that the Riemannian curvature tensor R̄ of Qm can be

described using the complex structure J and the complex conjugations A ∈ A:

R̄(X,Y )Z = g(Y, Z)X − g(X,Z)Y + g(JY, Z)JX − g(JX,Z)JY − 2g(JX, Y )JZ

+ g(AY,Z)AX − g(AX,Z)AY + g(JAY,Z)JAX − g(JAX,Z)JAY.

Note that J and each complex conjugation A anti-commute, i.e., AJ = −JA for each A ∈ A.

Recall that a nonzero tangent vector W ∈ T[z]Q
m is called singular if it is tangent to more than one

maximal flat in Qm. There are two types of singular tangent vectors for the complex quadric Qm:

1. If there exists a conjugation A ∈ A such that W ∈ V (A), then W is singular. Such a singular

tangent vector is called A-principal.

2. If there exist a conjugation A ∈ A and orthonormal vectors X,Y ∈ V (A) such that W/‖W‖ =

(X + JY )/
√
2, then W is singular. Such a singular tangent vector is called A-isotropic.

3 Some general equations

Let M be a real hypersurface in Qm and denote the induced almost contact metric structure by (φ, ξ, η, g).

Note that ξ = −JN with N being a (local) unit normal vector field of M and η the corresponding 1-form

defined by η(X) = g(ξ,X) for any tangent vector field X on M . The tangent bundle TM of M splits
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orthogonally into TM = C ⊕ Rξ, where C = ker(η) is the maximal complex subbundle of TM . The

structure tensor field φ restricted to C coincides with the complex structure J restricted to C, and φξ = 0.

At each point z ∈ M we define a maximal A-invariant subspace of TzM , z ∈ M as follows:

Qz = {X ∈ TzM | AX ∈ TzM for all A ∈ Az}.

Then we want to introduce an important lemma which will be used in the proof of our Theorem 1.5 in

Introduction.

Lemma 3.1 (See [17, 19]). For each z ∈ M we have

(i) If Nz is A-principal, then Qz = Cz.

(ii) If Nz is not A-principal, there exist a conjugation A ∈ A and orthonormal vectors X,Y ∈ V (A)

such that Nz = cos(t)X + sin(t)JY for some t ∈ (0, π/4]. Then we have Qz = Cz ⊖ C(JX + Y ).

Assume that M is a Hopf hypersurface. Then the shape operator S of M in Qm satisfies

Sξ = αξ,

where α = g(Sξ, ξ) denotes the Reeb function on M . Considering the transform JX by the Kähler

structure J on Qm for any vector field X on M in Qm, we get

JX = φX + η(X)N

for a unit normal N to M . Setting Z = ξ in the following Codazzi equation:

g((∇XS)Y − (∇Y S)X,Z) = η(X)g(φY, Z)− η(Y )g(φX,Z)− 2η(Z)g(φX, Y )

+ g(X,AN)g(AY,Z)− g(Y,AN)g(AX,Z)

+ g(X,Aξ)g(JAY,Z)− g(Y,Aξ)g(JAX,Z), (3.1)

we can eventually get the following:

0 = 2g(SφSX, Y )− αg((φS + Sφ)X,Y )− 2g(φX, Y )

+ g(X,AN)g(Y,Aξ)− g(Y,AN)g(X,Aξ)

− g(X,Aξ)g(JY,Aξ) + g(Y,Aξ)g(JX,Aξ)

+ 2g(ξ, AN)g(X,Aξ)η(Y )− 2g(X,AN)g(ξ, Aξ)η(Y )

− 2g(ξ, AN)g(Y,Aξ)η(X) + 2g(Y,AN)g(ξ, Aξ)η(X). (3.2)

At each point z ∈ M , one can choose A ∈ Az such that

N = cos(t)Z1 + sin(t)JZ2

for some orthonormal vectors Z1, Z2 ∈ V (A) and 0 6 t 6 π
4 (see [11, Proposition 3]). Note that t is a

function on M . Since ξ = −JN , we have

N = cos(t)Z1 + sin(t)JZ2,

AN = cos(t)Z1 − sin(t)JZ2,

ξ = sin(t)Z2 − cos(t)JZ1,

Aξ = sin(t)Z2 + cos(t)JZ1.

(3.3)

It implies that g(ξ, AN) = 0 and hence (3.2) becomes

0 = 2g(SφSX, Y )− αg((φS + Sφ)X,Y )− 2g(φX, Y )

+ g(X,AN)g(Y,Aξ)− g(Y,AN)g(X,Aξ)

− g(X,Aξ)g(JY,Aξ) + g(Y,Aξ)g(JX,Aξ)

− 2g(X,AN)g(ξ, Aξ)η(Y ) + 2g(Y,AN)g(ξ, Aξ)η(X). (3.4)
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4 Ricci commuting and a key lemma

By the equation of Gauss, the curvature tensor R(X,Y )Z for a real hypersurface M in Qm induced from

the curvature tensor R̄ of Qm in Section 2 can be described in terms of the complex structure J and the

complex conjugation A ∈ A as follows:

R(X,Y )Z = g(Y, Z)X − g(X,Z)Y + g(φY, Z)φX − g(φX,Z)φY − 2g(φX, Y )φZ

+ g(AY,Z)AX − g(AX,Z)AY + g(JAY,Z)JAX − g(JAX,Z)JAY

+ g(SY, Z)SX − g(SX,Z)SY

for any X,Y, Z ∈ TzM , z ∈ M .

Now let us put

AX = BX + ρ(X)N,

for any vector field X ∈ TzQ
m, z ∈ M , ρ(X) = g(AX,N), where BX and ρ(X)N respectively denote the

tangential and normal components of the vector field AX . Then Aξ = Bξ + ρ(ξ)N and ρ(ξ) = g(Aξ,N)

= 0. Then it follows that

AN = AJξ = −JAξ = −J(Bξ + ρ(ξ)N)

= −(φBξ + η(Bξ)N),

where we have used N = Jξ from the Reeb vector field ξ = −JN and J2 = −I. The equation gives

g(AN,N) = −η(Bξ). From this, together with the definition of the Ricci tensor, we have

Ric(X) = (2m− 1)X − 3η(X)ξ − g(AN,N)AX + g(AX,N)AN

+ η(AX)Aξ + (TrS)SX − S2X.

Then, summing up the above formulas, we have

Ric(X) = (2m− 1)X − 3η(X)ξ + η(Bξ){BX + ρ(X)N}

+ ρ(X){−φBξ − η(Bξ)N} + η(BX)Bξ + (TrS)SX − S2X.

From this, together with the assumption of Ricci commuting, i.e., φ·Ric(X) = Ric·φX , it follows that

(2m− 1)φX + η(Bξ)φBX − ρ(X)φ2Bξ + η(BX)φBξ + (TrS)φSX − φS2X

= (2m− 1)φX + η(Bξ)BφX − ρ(φX)φBξ + η(BφX)Bξ + (TrS)SφX − S2φX. (4.1)

Here we want to use the following formulas:

η(BX) = g(Aξ,X),

η(BφX) = g(Aξ, φX) = g(Aξ, JX − η(X)N) = g(AJξ,X)

= g(AN,X) = ρ(X),

ρ(φX) = g(AφX,N) = g(AJφX, ξ) = g(JφX,Aξ)

= g(φ2X + η(φX)N,Aξ) = −g(X,Aξ) + η(X)g(ξ, Aξ),

ρ(X) = η(BφX).

Substituting these formulas into (4.1), we have

η(Bξ)φBX − η(BφX)η(Bξ)ξ + (TrS)φSX − φS2X

= η(Bξ)BφX − η(X)η(Bξ)φBξ + (TrS)SφX − S2φX. (4.2)

Then, by taking the inner product of (4.2) with ξ and using that M is Hopf, it follows that

η(Bξ)φBξ = 0. (4.3)

Then the formula (4.2) becomes

η(Bξ)(φB −Bφ)X + (TrS)(φS − Sφ)X − (φS2 − S2φ)X = 0. (4.4)
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Remark 4.1. Let M be a real hypersurface over a totally geodesic CP k ⊂ Q2k, m = 2k. Then

in [17, 19], the structure tensor commutes with the shape operator, i.e., Sφ = φS. Moreover, the unit

normal vector field N becomes A-isotropic. This gives η(Bξ) = g(Aξ, ξ) = 0. So it naturally satisfies the

formula (4.2), i.e., the condition of Ricci commuting is satisfied.

On the other hand, from (4.3) we assert an important lemma as follows:

Lemma 4.2. Let M be a real hypersurface in Qm, m > 3, with commuting Ricci tensor. Then the

unit normal vector field N becomes singular, i.e., N is A-isotropic or A-principal.

Proof. From (4.3) we get

η(Bξ) = 0 or φBξ = 0.

The first case gives that η(Bξ) = g(Aξ, ξ) = cos 2t = 0, i.e., t = π
4 . This implies that the unit normal N

becomes

N =
X + JY

√
2

,

which means that N is A-isotropic.

The second case gives that

ρ(X) = g(AX,N) = η(BφX) = −g(X,φBξ) = 0,

which means that AX ∈ TzM for any A ∈ A, X ∈ TzM , z ∈ M . This implies Qz = Cz, z ∈ M , and N is

A-principal, i.e., AN = N .

In order to prove Theorem 1.5 in Section 1, by virtue of Lemma 4.2, we can consider two classes

of hypersurfaces in Qm with the unit normal N being A-principal or A-isotropic. When M has an A-

isotropic unit normal N , in Section 5 we will give the proof in detail and in Section 6 we will give the

remainder proof for the case that M has an A-principal unit normal vector field.

5 Proof of Theorem 1.5 for A-isotropic unit normal vector field

In this section, we want to prove our Theorem 1.5 for real hypersurfaces M in Qm with commuting Ricci

tensor when the unit normal vector field becomes A-isotropic.

Since we assume that the unit normal N is A-isotropic, by the definition in Section 3 we know that

t = π
4 . Then by the expression of A-isotropic unit normal vector field, (3.3) gives N = 1√

2
Z1 +

1√
2
JZ2.

Since the unit normal N is A-isotropic, we know that g(ξ, Aξ) = 0. Moreover, by (3.4) and using the

anti-commuting property AJ = −JA between the complex conjugation A and the Kähler structure J ,

we can prove the following (see also [17, Lemma 4.2]) lemma.

Lemma 5.1. Let M be a Hopf real hypersurface in Qm with (local) A-isotropic unit normal vector

field N . For each point z ∈ M we choose A ∈ Az such that Nz = cos(t)Z1 + sin(t)JZ2 holds for some

orthonormal vectors Z1, Z2 ∈ V (A) and 0 6 t 6 π
4 . Then

0 = 2g(SφSX, Y )− αg((φS + Sφ)X,Y )− 2g(φX, Y )

+ 2g(X,AN)g(Y,Aξ)− 2g(Y,AN)g(X,Aξ)

+ 2g(ξ, Aξ){g(Y,AN)η(X)− g(X,AN)η(Y )}

holds for all vector fields X,Y on M .

Then by virtue of A-isotropic unit normal, from Lemma 5.1 we obtain

2SφSX = α(Sφ+ φS)X + 2φX − 2g(X,AN)Aξ + 2g(X,Aξ)AN. (5.1)

Now let us consider the distributionQ⊥, which is an orthogonal complement of the maximal A-invariant

subspace Q in the complex subbundle C of TzM , z ∈ M in Qm. Then by Lemma 3.1 in Section 3, the

orthogonal complementQ⊥ = C⊖Q becomes C⊖Q = Span[AN,Aξ]. From the assumption of Sφ = φS on
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the distribution Q⊥ it can be easily checked that the distribution Q⊥ is invariant by the shape operator S.

Then (5.1) gives the following for SAN = λAN ,

(2λ− α)SφAN = (αλ+ 2)φAN − 2Aξ

= (αλ+ 2)φAN − 2φAN

= αλφAN.

Then Aξ = φAN gives the following:

SAξ =
αλ

2λ− α
Aξ. (5.2)

Then from the assumption Sφ = φS on Q⊥ = C ⊖ Q, it follows that λ = αλ
2λ−α

gives

λ = 0 or λ = α. (5.3)

On the other hand, on the distribution Q we know that AX ∈ TzM , z ∈ M , because AN ∈ Q. So

(5.1), together with the fact that g(X,Aξ) = 0 and g(X,AN) = 0 for any X ∈ Q, implies that

2SφSX = α(Sφ + φS)X + 2φX. (5.4)

Then we can take an orthonormal basis X1, . . . , X2(m−2) ∈ Q such that SXi = λiXi for i = 1, . . . ,m− 2.

Then by (5.1) we know that

SφXi =
αλi + 2

2λi − α
φXi.

Accordingly, by (5.3) the shape operator S can be expressed as

S =











































α 0 0 0 · · · 0 0 · · · 0

0 0(α) 0 0 · · · 0 0 · · · 0

0 0 0(α) 0 · · · 0 0 · · · 0

0 0 0 λ1 · · · 0 0 · · · 0
...

...
...

...
. . .

...
...

...
...

0 0 0 0 · · · λm−2 0 · · · 0

0 0 0 0 · · · 0 µ1 · · · 0
...

...
...

...
...

...
...

. . .
...

0 0 0 0 · · · 0 0 · · · µm−2











































,

where µi =
αλi+2
2λi−α

for i = 1, . . . ,m− 2. From (4.4), together with η(Bξ) = g(Aξ, ξ) = 0, we have that

h(φS − Sφ)X = (φS2 − S2φ)X, (5.5)

where h = TrS denotes the trace of the shape operator of M in Qm.

Now let us consider the Ricci commuting property with A-isotropic normal vector field for SX = λX ,

X ∈ C. Then by (5.5), it follows that from SX = λX , X ∈ C,

(λ− µ){h− (λ + µ)}φX = 0, (5.6)

where we have used SφX = µφX with µ = αλ+2
2λ−α

, X ∈ Q and µ = αλ
2λ−α

, X ∈ Q⊥ respectively. Then

(5.6) gives

λ = µ or h = λ+ µ. (5.7)

On the other hand, for such an SX = λX , X ∈ C, (5.5) gives

hλφX − hSφX = λ2φX − S2φX. (5.8)
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Here we decompose X ∈ C = Q⊕Q⊥ as

X = Y + Z,

where Y ∈ Q and Z ∈ Q⊥. Then SX = λX = λY + λZ gives the following:

SY = λY and SZ = λZ,

because the distributions Q and Q⊥ are invariant by the shape operator. Then by using the matrix

representation of the shape operator, (5.8) gives the following decompositions:

hλφY − h

(

αλ+ 2

2λ− α

)

φY = λ2φY −

(

αλ+ 2

2λ− α

)2

φY, Y ∈ Q, (5.9)

hλφZ − h

(

αλ

2λ− α

)

φZ = λ2φZ −

(

αλ

2λ− α

)2

φZ, Z ∈ Q⊥. (5.10)

By taking inner products of (5.9) and (5.10) with the vector fields φY and φZ, respectively, we have

λ2 − hλ+
αλ+ 2

2λ− α

{

h−
αλ+ 2

2λ− α

}

= 0, (5.11)

λ2 − hλ+
αλ

2λ− α

{

h−
αλ

2λ− α

}

= 0. (5.12)

Then subtracting (5.12) from (5.11) gives

h =
2αλ+ 2

2λ− α
. (5.13)

Now from (5.7) let us consider the following two cases:

Case 1. λ = µ.

From the matrix representation of the shape operator, λ = αλ+2
2λ−α

gives that

λ2 − αλ − 1 = 0.

Since the discriminant D = α2 + 4 > 0, we have two distinct solutions λ = cot r and µ = − tan r with

the multiplicities (m− 2) and (m− 2), respectively, i.e., the shape operator S can be expressed as

S =











































α 0 0 0 · · · 0 0 · · · 0

0 0(α) 0 0 · · · 0 0 · · · 0

0 0 0(α) 0 · · · 0 0 · · · 0

0 0 0 cot r · · · 0 0 · · · 0
...

...
...

...
. . .

...
...

...
...

0 0 0 0 · · · cot r 0 · · · 0

0 0 0 0 · · · 0 −tan r · · · 0
...

...
...

...
...

...
...

. . .
...

0 0 0 0 · · · 0 0 · · · −tan r











































.

This means that the shape operator S commutes with the structure tensor φ, i.e., S·φ = φ·S. Then by

Theorem 1.3, m = 2k, and M is locally congruent to an open part of a tube around a totally geodesic CP k

in Q2k.

Case 2. λ 6= µ.

Now we only consider λ 6= µ on the distribution Q. Since on the distribution Q⊥ we have assumed

that Sφ = φS, it follows that λ = αλ
2λ−α

. This gives λ = 0 or λ = α on the distribution Q⊥. Moreover,

by the Ricci commuting property, we have the following from (5.3), together with (5.6), (5.7) and (5.13),

h = λ+ µ = λ+
αλ+ 2

2λ− α
=

2αλ+ 2

2λ− α
. (5.14)
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This gives λ = 0 or λ = α. Then we have two subcases.

Subcase 2.1. λ = 0.

Then we can arrange the matrix of the shape operator such that

S =











































α 0 0 0 · · · 0 0 · · · 0

0 0(α) 0 0 · · · 0 0 · · · 0

0 0 0(α) 0 · · · 0 0 · · · 0

0 0 0 0 · · · 0 0 · · · 0
...

...
...

...
. . .

...
...

...
...

0 0 0 0 · · · 0 0 · · · 0

0 0 0 0 · · · 0 − 2
α

· · · 0
...

...
...

...
...

...
...

. . .
...

0 0 0 0 · · · 0 0 · · · − 2
α











































.

In this case the formula h = λ+ µ and the notion of trace h of the shape operator S give

h = 0−
2

α
= α+ (m− 2)

(

−
2

α

)

.

Then it gives that α2 = 2(m− 3), i.e., α =
√

2(m− 3).

Now let us consider the case h = 3α+ (m− 2)(− 2
α
). Then, from this, together with h = λ+ µ = − 2

α
,

we know α2 = 2
3 (m− 3). Then α =

√

2
3 (m− 3).

Subcase 2.2. λ = α.

In this subcase, the expression of the shape operator becomes

S =











































α 0 0 0 · · · 0 0 · · · 0

0 α(0) 0 0 · · · 0 0 · · · 0

0 0 α(0) 0 · · · 0 0 · · · 0

0 0 0 α · · · 0 0 · · · 0
...

...
...

...
. . .

...
...

...
...

0 0 0 0 · · · α 0 · · · 0

0 0 0 0 · · · 0 α2+2
α

· · · 0
...

...
...

...
...

...
...

. . .
...

0 0 0 0 · · · 0 0 · · · α2+2
α











































.

In this case also the formula h = λ+ µ and the notion of trace h of the shape operator S yield

h = α+
α2 + 2

α
= (m+ 1)α+ (m− 2)

α2 + 2

α
.

Then it implies that (2m− 3)α2 = −2m+ 4, which gives us a contradiction for m > 3.

Next, we consider the case that h = (m− 1)α+ (m− 2)α
2+2
α

in the above expression. Then

h = λ+ µ = α+
α2 + 2

α

gives

(2m− 5)α2 + 2(m− 3) = 0,

which also gives a contradiction for m > 4.

Summing up the above discussions, we assert the following:
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Theorem 5.2. Let M be a real hypersurface in complex quadric Qm, m > 4, with commuting Ricci

tensor and A-isotropic normal. If the shape operator commutes with the structure tensor on the distribu-

tion Q⊥, then M is locally congruent to a tube of radius r over a totally geodesic CP k, m = 2k, in Q2k

or M has 3 distinct constant principal curvatures given by

α =
√

2(m− 3), γ = 0, λ = 0, and µ = −
2

√

2(m− 3)
or

α =

√

2

3
(m− 3), γ = 0, λ = 0, and µ = −

√
6

√
m− 3

with corresponding principal curvature spaces

Tα = [ξ], Tγ = [Aξ,AN ], φ(Tλ) = Tµ, dimTλ = dimTµ = m− 2.

6 Proof of Theorem 1.5 for A-principal unit normal vector field

In this section, we want to prove our Theorem 1.5 for real hypersurfaces with commuting Ricci tensor

and A-principal unit normal vector field.

From the basic formulas for the real structure A and the Kähler structure J we have the following:

JAX = J{BX + ρ(X)N} = φBX + η(BX)N − ρ(X)ξ,

AJX = A{φX + η(X)N} = BφX + ρ(φX)N − η(X)φBξ − η(X)η(Bξ)N.

From this, the anti-commuting structure AJ = −JA gives the following:

φBX + η(BX)N − ρ(X)ξ = −BφX − ρ(φX)N + η(X)φBξ + η(X)η(Bξ)N. (6.1)

Then comparing the tangential and normal component of (6.1) gives the following:

η(BX) = −ρ(φX) + η(X)η(Bξ) (6.2)

and

φBX = −BφX + ρ(X)ξ + η(X)φBξ. (6.3)

Since N is A-principal, i.e., AN = N , we know that Bξ = −ξ, and φBX = −BφX . Then (6.3) yields

−2φBX + (TrS)(φS − Sφ)X − (φS2 − S2φ)X = 0, (6.4)

where we have used ρ(X) = g(AX,N) = 0. When N is A-principal, on the distribution C = Q we have

2SφS − α(φS + Sφ) = 2φ. (6.5)

So if we put SX = λX in (6.5), we have

SφX = µφX =
αλ+ 2

2λ− α
φX. (6.6)

Then from (6.3) and (6.5), it follows that

−2φBX + (λ− µ){h− (λ+ µ)}φX = 0. (6.7)

It is well known that the tangent space TzQ
m of the complex quadric Qm is decomposed as

TzQ
m = V (A)⊕ JV (A),

where V (A) = {X ∈ TzQ
m | AX = X} and JV (A) = {X ∈ TzQ

m | AX = −X}. So SX = λX for

X ∈ C. The vector field X can be decomposed as follows:

X = Y + Z, Y ∈ V (A), Z ∈ JV (A),
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where AY = BY = Y and AZ = BZ = −Z. So it follows that BX = AX = AY + AZ = Y − Z. Then

φBX = φY − φZ. From this, together with (6.7), it follows that

−2(φY − φZ) + (λ− µ){h− (λ+ µ)}(φY + φZ) = 0.

Then by taking inner products with φY and φZ, respectively, we get

(λ− µ){h− (λ+ µ)} − 2 = 0 (6.8)

and

(λ− µ){h− (λ+ µ)} + 2 = 0. (6.9)

This gives a contradiction. Accordingly, we conclude that real hypersurfaces in Qm with commuting Ricci

tensor and A-principal normal vector field do not exist.

Summing up the above discussions, we assert the following:

Theorem 6.1. There does not exist any real hypersurface in complex quadric Qm, m > 4, with

commuting Ricci tensor and A-prinicipal normal vector field.

From Theorems 5.2 and 6.1, together with Lemma 4.2, we give a complete proof of our Theorem 1.5

in Section 1.

Remark 6.2. In this paper, we have proved that a tube over a totally geodesic CP k in Qm, m = 2k,

mentioned in our main theorem is Ricci commuting, i.e., Ric·φ = φ·Ric. But related to the notion of

Ricci parallel, Suh [19] asserted that a tube over CP k never has parallel Ricci tensor, i.e., the Ricci tensor

does not satisfy ∇Ric = 0.

Remark 6.3. In [21], a non-existence property of parallel normal Jacobi operator ∇R̄N = 0 for Hopf

real hypersurfaces in Qm was given. Motivated by this result, it is interesting to consider the classification

problem of commuting normal Jacobi operator, i.e., R̄N ·φ = φ·R̄N , where R̄ denotes the curvature tensor

of the complex quadric Qm.

Remark 6.4. In [22], Suh has also given a classification of parallel structure Jacobi operator Rξ, i.e.,

∇Rξ = 0. Related to this fact, another problem is to consider a complete classification of commuting

structure Jacobi operator, i.e., Rξ·φ = φ·Rξ, where the structure Jacobi operator Rξ is defined by

RξX = R(X, ξ)ξ for the Reeb vector field ξ and any vector field X on a real hypersurface M in Qm.

Here R denotes the curvature tensor of M in Qm.

Remark 6.5. As another commuting problem between Jacobi operators R̄N , Rξ and the Ricci tensor

Ric, it will be interesting to study complete classifications of Hopf hypersurfaces in Qm with commuting

properties like Rξ·R̄N = R̄N ·Rξ, Ric·Rξ = Rξ·Ric or Ric·R̄N = R̄N ·Ric.
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